
																	Holographic		
Renormalization	Group	Flows	

																														Irina	Aref'eva		

					Steklov	Mathematical	Institute,	RAS	

Belgrade,	Serbia	
20	October,	2121

2nd Conference on Nonlinearity



Outlook



Outlook

Holographic	picture	for	deviation	from	conformality	



Outlook

•    Holographic	picture	for	deviation	from	conformality	



Outlook

•    

• Holographic RGF for simple models

Holographic	picture	for	deviation	from	conformality	



Outlook

•    

• Holographic RGF for simple models

• Exact HRGF for two exp potential

Holographic	picture	for	deviation	from	conformality	



Outlook

•    

• Holographic RGF for simple models

• Exact HRGF for two exp potential

Holographic	picture	for	deviation	from	conformality	



Outlook

•    

• Holographic RGF for simple models

• Exact HRGF for two exp potential

• HRGF for chemical potential    
• HRGF for anizotropic models
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IR

UV



Intro

Holographic picture for deviations from
confomallity

• d-dim CFT has a description in terms of d+ 1-dim gravity in AdS:
S =

R
dx

d
du

p
�g(R� ⇤).

• An operator O(x) corresponds to a dynamical bulk field �(x, u)
• �(x, 0) – a source for the O in the CFT

S =

Z
dx

d
du

p
�g


R�

1

2
(@�)2 � V (�)

�
.

• �(x, u) = ↵u
d�� + . . . , S = SCFT +

R
d
4
x↵O(x)

• ↵ = 0 – undeformed CFT, bulk scalar – const., spacetime is AdS
• ↵ 6= 0 corresponds to relevant coupling for the CFT; deform. AdS
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Intro

Holographic Renormalization Group

Akhmedov’98; de Boer et. al.’98, Boonstra et. al.’98;Skenderis’99
The domain wall solution (d-dimensional Poincaré invariant)

ds
2 = e

2A(u)
⌘ijdx

i
dx

j + du
2
, � = �(u)

AdS isometry group , Poincaré isometry group of DW

the conformal symmetry at UV and/or IR fixed points

e
A – measures the field theory energy scale

e
�(u) identifies with the running coupling along the flow

The �-function

� =
d�

d logE
=

d�

dA

V (�h) < 0, V (�h)  V (�UV ).

Gubser: The singularity can be cloacked by a horizon by turning on a black
hole of arbitrarily small mass
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Starting	point	-	5-dim	background



Gravity	+	scalar	field



S =

Z
d
5
x

16⇡G5

q
� det(gµ⌫)


R� 1

2
@µ�@

µ
�� V (�)

�
, (2.2)

where F
2
(1) and F

2
(2) are the squares of the Maxwell fields F

(1)
µ⌫ = @µA

(1)
⌫ � @⌫A

(1)
µ and

f1(�) is the gauge kinetic functions for the Maxwell fields, V (�) is the potential of the

scalar field �.

We consider the ansatz for metric

ds
2 = B

2(z)


� g(z)dt2 + dx

2 + dy
2
1 + dy

2
2 +

dz
2

g(z)

�
, (2.3)

� = �(z), A
(1)
µ

= At(z)�
0
µ
. (2.4)

ds
2 = B

2(z)


� g(z)dt2 + dx

2 + dy
2
1 + dy

2
2 +

dz
2

g(z)

�
, (2.5)

� = �(z), (2.6)

ds
2 = B

2(z)
⇥
�dt

2 + dx
2 + dy

2
1 + dy

2
2 + dz

2
⇤
, � = �(z), (2.7)

In this case equations of motion take the form

g̈ + 3ġ
Ḃ

B
� f1Ȧ

2
t

B2
= 0, (2.8)

B̈

B
� 2Ḃ

2

B2
+

�̇
2

6
= 0, (2.9)

B̈

B
+

2Ḃ
2

B2
+

3Ḃġ

2Bg
+

g̈

6g
+

B
2
V

3g
= 0, (2.10)

�̈+ �̇

 
ġ

g
+

3Ḃ

B

!
+

Ȧ
2
t
@�f1

2B2g
� B

2
@�V

g
= 0, (2.11)

Ät + Ȧt

 
Ḃ

B
+

ḟ1

f1

!
= 0, (2.12)

g̈ + 3ġ
Ḃ

B
= 0, (2.13)

B̈

B
� 2Ḃ

2

B2
+

�̇
2

6
= 0, (2.14)

B̈

B
+

2Ḃ
2

B2
+

3Ḃġ

2Bg
+

g̈

6g
+

B
2
V

3g
= 0, (2.15)

�̈+ �̇

 
ġ

g
+

3Ḃ

B

!
� B

2
@�V

g
= 0, (2.16)
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2Ḃ
2

B2
+

3Ḃġ
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EOM: B̈

B
� 2Ḃ

2

B2
+

�̇
2

6
= 0, (2.17)

B̈

B
+

2Ḃ
2

B2
+

3Ḃġ

2B
+

B
2
V

3
= 0, (2.18)

�̈+ �̇

 
3Ḃ

B

!
� B

2
@�V = 0, (2.19)

where ˙ = @/@z, @� = @/@�.

From E.O.M. (2.14)-(2.13) we get the following relations

B̈

B
+

2Ḃ2

B2
+

ġḂ

gB
+

f1Ȧ
2
t

6gB2
+

B
2
V

3g
= 0. (2.20)

Substituting B̈ from (2.18) in (2.21) we get

4Ḃ2

B2
+

ġḂ

gB
+

f1Ȧ
2
t

6gB2
+

B
2
V

3g
� �̇

2

6
= 0. (2.21)

We define

X =
�̇

3

B

Ḃ
, (2.22)

Y =
1

4

ġ

g

B

Ḃ
, (2.23)

H =
Ȧt

B2
. (2.24)

From (2.23) and (2.24) follows

Ḃ =
�̇B

3X
, (2.25)

X

Y
=

4g�̇

3ġ
, (2.26)

ġ =
4g�̇Y

3X
. (2.27)

Calculating derivative of the RHS of (2.23) we find Ẋ:

Ẋ =
1

3

 
�̈

B

Ḃ
� �̇

B̈B

Ḃ2
+ �̇

!
. (2.28)
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Ḃ
, (2.22)

Y =
1

4

ġ
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3Ḃ

B

!
� B

2
@�V = 0, (2.19)

where ˙ = @/@z, @� = @/@�.

From E.O.M. (2.14)-(2.13) we get the following relations

B̈

B
+

2Ḃ2
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ġ =
4g�̇Y

3X
. (2.27)

Calculating derivative of the RHS of (2.23) we find Ẋ:
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Ȧ
2
t
@�f1

2B2g
� B

2
@�V

g
= 0, (2.11)
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2

B2
+

�̇
2

6
= 0, (2.17)

B̈

B
+

2Ḃ
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2
t

6gB2
+

B
2
V

3g
� �̇

2

6
= 0. (2.21)

We define

X =
�̇

3

B

Ḃ
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ġ

g
+

3Ḃ
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2

B2
+

�̇
2

6
= 0, (2.17)

B̈

B
+

2Ḃ
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Ḃ
, (2.23)

H =
Ȧt

B2
. (2.24)

From (2.23) and (2.24) follows
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3ġ
, (2.26)
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Ḃ
� �̇

B̈B

Ḃ2
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ġḂ
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Ḃ

B
� f1Ȧ
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Ȧ
2
t
@�f1

2B2g
� B

2
@�V

g
= 0, (2.11)
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3Ḃġ
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2
t

6gB2
+

B
2
V

3g
� �̇

2

6
= 0. (2.21)

We define

X =
�̇

3

B

Ḃ
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Ḃ

B
� f1Ȧ
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Ȧ
2
t
@�f1

2B2g
� B

2
@�V

g
= 0, (2.11)
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Ḃ

B
+

ḟ1
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ġḂ
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2Ḃ
2

B2
+

3Ḃġ
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Ḃ
, (2.22)

Y =
1

4

ġ
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Ḃ

B
= 0, (2.13)

B̈

B
� 2Ḃ
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ġ

g

B

Ḃ
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Ȧt

B2
. (2.24)

From (2.23) and (2.24) follows
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3ġ
, (2.26)
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Ḃ
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ḟ1

f1

!
= 0, (2.12)

g̈ + 3ġ
Ḃ
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ġḂ

gB
+

f1Ȧ
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ġḂ

gB
+

f1Ȧ
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where F
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Ȧ
2
t
@�f1

2B2g
� B

2
@�V

g
= 0, (2.11)
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2

B2
+

�̇
2

6
= 0, (2.17)

B̈

B
+

2Ḃ
2

B2
+

3Ḃġ
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2
t

6gB2
+

B
2
V

3g
= 0. (2.20)

Substituting B̈ from (2.18) in (2.21) we get

4Ḃ2
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Ḃ
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ġḂ
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Ḃ
, (2.22)

Y =
1

4

ġ
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Ḃ
, (2.23)

H =
Ȧt
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Substituting �̈ and B̈ given by (2.17) and (2.19) into the RHS of (2.28) we get
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+

B
3
@�V

gḂ
� �̇B

2

Ḃ2

 
2Ḃ2

B2
� �̇

2

6

!
+ �̇

)
.

(2.29)

Dividing (2.29) on �̇ gives the relation

3Ẋ

�̇
= � 4� Bġ

Ḃg
� Ȧ

2
t
@�f1

2B�̇Ḃg
+

B
3
@�V

g�̇Ḃ
+

3

2
X

2
. (2.30)

Now our goal is to exclude Ḃ, Ȧt and �̇ from the RHS of (2.30). We do this in 3

steps.

• We exclude Ḃ from (2.30) using relation (2.25)

3Ẋ

�̇
= � 4� 4Y � 3XȦ

2
t
@�f1

2B2�̇2g
+

3XB
3
@�V

g�̇2B
+

3

2
X

2
. (2.31)

3Ẋ

�̇
= � 4 +

3XB
3
@�V

g�̇2B
+

3

2
X

2
. (2.32)

• We exclude Ȧt using (2.24) and get

3Ẋ

�̇
= � 4� 4Y � 3

2

�
@�f1H

2 � 2@�V
� XB

2

g�̇2
+

3

2
X

2
. (2.33)

• We get relation for �̇
2 and substitute it into (2.33). For this purpose we take

(2.21) and using (2.24) we write

4�̇2

9X2
+

4�̇2

9X2
Y +

H
2
f1B

2

6g
+

B
2
V

3g
� �̇

2

6
= 0. (2.34)

We rewrite (2.34) as

✓
1

6
� 4

9X2
� 4Y

9X2

◆
�̇
2 =

2V +H
2
f1

6g
B

2 (2.35)

and from (2.35) get combination g�̇
2
/B

2

g�̇
2

B2
=

2V +H
2
f1

1� 8
3X2 � 8Y

3X2

. (2.36)
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S =

Z
d
5
x

16⇡G5

q
� det(gµ⌫)


R� 1

2
@µ�@

µ
�� V (�)

�
, (2.2)

where F
2
(1) and F

2
(2) are the squares of the Maxwell fields F

(1)
µ⌫ = @µA

(1)
⌫ � @⌫A

(1)
µ and

f1(�) is the gauge kinetic functions for the Maxwell fields, V (�) is the potential of the

scalar field �.

We consider the ansatz for metric

ds
2 = B

2(z)


� g(z)dt2 + dx

2 + dy
2
1 + dy

2
2 +

dz
2

g(z)

�
, (2.3)

� = �(z), A
(1)
µ

= At(z)�
0
µ
. (2.4)

ds
2 = B

2(z)


� g(z)dt2 + dx

2 + dy
2
1 + dy

2
2 +

dz
2

g(z)

�
, (2.5)

� = �(z), (2.6)

ds
2 = B

2(z)
⇥
�dt

2 + dx
2 + dy

2
1 + dy

2
2 + dz

2
⇤
, � = �(z), (2.7)

In this case equations of motion take the form

g̈ + 3ġ
Ḃ

B
� f1Ȧ

2
t

B2
= 0, (2.8)

B̈

B
� 2Ḃ

2

B2
+

�̇
2

6
= 0, (2.9)

B̈

B
+

2Ḃ
2

B2
+

3Ḃġ

2Bg
+

g̈

6g
+

B
2
V

3g
= 0, (2.10)

�̈+ �̇

 
ġ

g
+

3Ḃ

B

!
+

Ȧ
2
t
@�f1

2B2g
� B

2
@�V

g
= 0, (2.11)

Ät + Ȧt

 
Ḃ

B
+

ḟ1

f1

!
= 0, (2.12)

g̈ + 3ġ
Ḃ

B
= 0, (2.13)

B̈

B
� 2Ḃ

2

B2
+

�̇
2

6
= 0, (2.14)

B̈

B
+

2Ḃ
2

B2
+

3Ḃġ

2Bg
+

g̈

6g
+

B
2
V

3g
= 0, (2.15)

�̈+ �̇

 
ġ

g
+

3Ḃ

B

!
� B

2
@�V

g
= 0, (2.16)
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B̈

B
� 2Ḃ

2

B2
+

�̇
2

6
= 0, (2.17)

B̈

B
+

2Ḃ
2

B2
+

3Ḃġ

2B
+

B
2
V

3
= 0, (2.18)

�̈+ �̇

 
3Ḃ

B

!
� B

2
@�V = 0, (2.19)

where ˙ = @/@z, @� = @/@�.

From E.O.M. (2.14)-(2.13) we get the following relations

B̈

B
+

2Ḃ2

B2
+

ġḂ

gB
+

f1Ȧ
2
t

6gB2
+

B
2
V

3g
= 0. (2.20)

Substituting B̈ from (2.18) in (2.21) we get

4Ḃ2

B2
+

ġḂ

gB
+

f1Ȧ
2
t

6gB2
+

B
2
V

3g
� �̇

2

6
= 0. (2.21)

We define

X =
�̇

3

B

Ḃ
, (2.22)

Y =
1

4

ġ

g

B

Ḃ
, (2.23)

H =
Ȧt

B2
. (2.24)

From (2.23) and (2.24) follows

Ḃ =
�̇B

3X
, (2.25)

X

Y
=

4g�̇

3ġ
, (2.26)

ġ =
4g�̇Y

3X
. (2.27)

Calculating derivative of the RHS of (2.23) we find Ẋ:

Ẋ =
1

3

 
�̈

B

Ḃ
� �̇

B̈B

Ḃ2
+ �̇

!
. (2.28)
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B̈

B
� 2Ḃ

2

B2
+

�̇
2

6
= 0, (2.17)

B̈

B
+

2Ḃ
2

B2
+

3Ḃġ

2B
+

B
2
V

3
= 0, (2.18)

�̈+ �̇

 
3Ḃ

B

!
� B

2
@�V = 0, (2.19)

where ˙ = @/@z, @� = @/@�.

From E.O.M. (2.14)-(2.13) we get the following relations

B̈

B
+

2Ḃ2

B2
+

ġḂ

gB
+

f1Ȧ
2
t

6gB2
+

B
2
V

3g
= 0. (2.20)

Substituting B̈ from (2.18) in (2.21) we get

4Ḃ2

B2
+

ġḂ

gB
+

f1Ȧ
2
t

6gB2
+

B
2
V

3g
� �̇

2

6
= 0. (2.21)

We define

X =
�̇

3

B

Ḃ
, (2.22)

Y =
1

4

ġ

g

B

Ḃ
, (2.23)

H =
Ȧt

B2
. (2.24)

From (2.23) and (2.24) follows

Ḃ =
�̇B

3X
, (2.25)

X

Y
=

4g�̇

3ġ
, (2.26)

ġ =
4g�̇Y

3X
. (2.27)

Calculating derivative of the RHS of (2.23) we find Ẋ:

Ẋ =
1

3

 
�̈

B

Ḃ
� �̇

B̈B

Ḃ2
+ �̇

!
. (2.28)
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S =

Z
d
5
x

16⇡G5

q
� det(gµ⌫)


R� 1

2
@µ�@

µ
�� V (�)

�
, (2.2)

where F
2
(1) and F

2
(2) are the squares of the Maxwell fields F

(1)
µ⌫ = @µA

(1)
⌫ � @⌫A

(1)
µ and

f1(�) is the gauge kinetic functions for the Maxwell fields, V (�) is the potential of the

scalar field �.

We consider the ansatz for metric

ds
2 = B

2(z)


� g(z)dt2 + dx

2 + dy
2
1 + dy

2
2 +

dz
2

g(z)

�
, (2.3)

� = �(z), A
(1)
µ

= At(z)�
0
µ
. (2.4)

ds
2 = B

2(z)


� g(z)dt2 + dx

2 + dy
2
1 + dy

2
2 +

dz
2

g(z)

�
, (2.5)

� = �(z), (2.6)

ds
2 = B

2(z)
⇥
�dt

2 + dx
2 + dy

2
1 + dy

2
2 + dz

2
⇤
, � = �(z), (2.7)

In this case equations of motion take the form

g̈ + 3ġ
Ḃ

B
� f1Ȧ

2
t

B2
= 0, (2.8)

B̈

B
� 2Ḃ

2

B2
+

�̇
2

6
= 0, (2.9)

B̈

B
+

2Ḃ
2

B2
+

3Ḃġ

2Bg
+

g̈

6g
+

B
2
V

3g
= 0, (2.10)

�̈+ �̇

 
ġ

g
+

3Ḃ

B

!
+

Ȧ
2
t
@�f1

2B2g
� B

2
@�V

g
= 0, (2.11)

Ät + Ȧt

 
Ḃ

B
+

ḟ1

f1

!
= 0, (2.12)

g̈ + 3ġ
Ḃ

B
= 0, (2.13)

B̈

B
� 2Ḃ

2

B2
+

�̇
2

6
= 0, (2.14)

B̈

B
+

2Ḃ
2

B2
+

3Ḃġ

2Bg
+

g̈

6g
+

B
2
V

3g
= 0, (2.15)

�̈+ �̇

 
ġ

g
+

3Ḃ

B

!
� B

2
@�V

g
= 0, (2.16)
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EOM: B̈

B
� 2Ḃ

2

B2
+

�̇
2

6
= 0, (2.17)

B̈

B
+

2Ḃ
2

B2
+

3Ḃġ

2B
+

B
2
V

3
= 0, (2.18)

�̈+ �̇

 
3Ḃ

B

!
� B

2
@�V = 0, (2.19)

where ˙ = @/@z, @� = @/@�.

From E.O.M. (2.14)-(2.13) we get the following relations

B̈

B
+

2Ḃ2

B2
+

ġḂ

gB
+

f1Ȧ
2
t

6gB2
+

B
2
V

3g
= 0. (2.20)

Substituting B̈ from (2.18) in (2.21) we get

4Ḃ2

B2
+

ġḂ

gB
+

f1Ȧ
2
t

6gB2
+

B
2
V

3g
� �̇

2

6
= 0. (2.21)

We define

X =
�̇

3

B

Ḃ
, (2.22)

Y =
1

4

ġ

g

B

Ḃ
, (2.23)

H =
Ȧt

B2
. (2.24)

From (2.23) and (2.24) follows

Ḃ =
�̇B

3X
, (2.25)

X

Y
=

4g�̇

3ġ
, (2.26)

ġ =
4g�̇Y

3X
. (2.27)

Calculating derivative of the RHS of (2.23) we find Ẋ:

Ẋ =
1

3

 
�̈

B

Ḃ
� �̇

B̈B

Ḃ2
+ �̇

!
. (2.28)
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Const.

B̈

B
� 2Ḃ

2

B2
+

�̇
2

6
= 0, (2.17)

B̈

B
+

2Ḃ
2

B2
+

3Ḃġ

2B
+

B
2
V

3
= 0, (2.18)

�̈+ �̇

 
3Ḃ

B

!
� B

2
@�V = 0, (2.19)

where ˙ = @/@z, @� = @/@�.

From E.O.M. (2.14)-(2.13) we get the following relations

B̈

B
+

2Ḃ2

B2
+

ġḂ

gB
+

f1Ȧ
2
t

6gB2
+

B
2
V

3g
= 0. (2.20)

Substituting B̈ from (2.18) in (2.21) we get

4Ḃ2

B2
+

ġḂ

gB
+

f1Ȧ
2
t

6gB2
+

B
2
V

3g
� �̇

2

6
= 0. (2.21)

We define

X =
�̇

3

B

Ḃ
, (2.22)

Y =
1

4

ġ

g

B

Ḃ
, (2.23)

H =
Ȧt

B2
. (2.24)

From (2.23) and (2.24) follows

Ḃ =
�̇B

3X
, (2.25)

X

Y
=

4g�̇

3ġ
, (2.26)

ġ =
4g�̇Y

3X
. (2.27)

Calculating derivative of the RHS of (2.23) we find Ẋ:

Ẋ =
1

3

 
�̈

B

Ḃ
� �̇

B̈B

Ḃ2
+ �̇

!
. (2.28)

– 4 –

B̈

B
� 2Ḃ

2

B2
+

�̇
2

6
= 0, (2.17)

B̈

B
+

2Ḃ
2

B2
+

3Ḃġ

2B
+

B
2
V

3
= 0, (2.18)

�̈+ �̇

 
3Ḃ

B

!
� B

2
@�V = 0, (2.19)

where ˙ = @/@z, @� = @/@�.

From E.O.M. (2.14)-(2.13) we get the following relations

B̈

B
+

2Ḃ2

B2
+

ġḂ

gB
+

f1Ȧ
2
t

6gB2
+

B
2
V

3g
= 0. (2.20)

Substituting B̈ from (2.18) in (2.21) we get

4Ḃ2

B2
+

ġḂ

gB
+

f1Ȧ
2
t

6gB2
+

B
2
V

3g
� �̇

2

6
= 0. (2.21)

We define

X =
�̇

3

B

Ḃ
, (2.22)

Y =
1

4

ġ

g

B

Ḃ
, (2.23)

H =
Ȧt

B2
. (2.24)

From (2.23) and (2.24) follows

Ḃ =
�̇B

3X
, (2.25)

X

Y
=

4g�̇

3ġ
, (2.26)

ġ =
4g�̇Y

3X
. (2.27)

Calculating derivative of the RHS of (2.23) we find Ẋ:

Ẋ =
1

3

 
�̈

B

Ḃ
� �̇

B̈B

Ḃ2
+ �̇

!
. (2.28)
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Substituting �̈ and B̈ given by (2.17) and (2.19) into the RHS of (2.28) we get

Ẋ =
1

3

(
B

Ḃ

⇣
��̇

⌘ 
ġ

g
+

3Ḃ

B

!
� Ȧ

2
t
@�f1

2BḂg
+

B
3
@�V

gḂ
� �̇B

2

Ḃ2

 
2Ḃ2

B2
� �̇

2

6

!
+ �̇

)
.

(2.29)

Dividing (2.29) on �̇ gives the relation

3Ẋ

�̇
= � 4� Bġ

Ḃg
� Ȧ

2
t
@�f1

2B�̇Ḃg
+

B
3
@�V

g�̇Ḃ
+

3

2
X

2
. (2.30)

Now our goal is to exclude Ḃ, Ȧt and �̇ from the RHS of (2.30). We do this in 3

steps.

• We exclude Ḃ from (2.30) using relation (2.25)

3Ẋ

�̇
= � 4� 4Y � 3XȦ

2
t
@�f1

2B2�̇2g
+

3XB
3
@�V

g�̇2B
+

3

2
X

2
. (2.31)

3Ẋ

�̇
= � 4 +

3XB
3
@�V

g�̇2B
+

3

2
X

2
. (2.32)

• We exclude Ȧt using (2.24) and get

3Ẋ

�̇
= � 4� 4Y � 3

2

�
@�f1H

2 � 2@�V
� XB

2

g�̇2
+

3

2
X

2
. (2.33)

• We get relation for �̇
2 and substitute it into (2.33). For this purpose we take

(2.21) and using (2.24) we write

4�̇2

9X2
+

4�̇2

9X2
Y +

H
2
f1B

2

6g
+

B
2
V

3g
� �̇

2

6
= 0. (2.34)

We rewrite (2.34) as

✓
1

6
� 4

9X2
� 4Y

9X2

◆
�̇
2 =

2V +H
2
f1

6g
B

2 (2.35)

and from (2.35) get combination g�̇
2
/B

2

g�̇
2

B2
=

2V +H
2
f1

1� 8
3X2 � 8Y

3X2

. (2.36)
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Substituting �̈ and B̈ given by (2.17) and (2.19) into the RHS of (2.28) we get

Ẋ =
1

3

(
B

Ḃ

⇣
��̇

⌘ 
ġ

g
+

3Ḃ

B

!
� Ȧ

2
t
@�f1

2BḂg
+

B
3
@�V

gḂ
� �̇B

2

Ḃ2

 
2Ḃ2

B2
� �̇

2

6

!
+ �̇

)
.

(2.29)

Dividing (2.29) on �̇ gives the relation

3Ẋ

�̇
= � 4� Bġ

Ḃg
� Ȧ

2
t
@�f1

2B�̇Ḃg
+

B
3
@�V

g�̇Ḃ
+

3

2
X

2
. (2.30)

Now our goal is to exclude Ḃ, Ȧt and �̇ from the RHS of (2.30). We do this in 3

steps.

• We exclude Ḃ from (2.30) using relation (2.25)

3Ẋ

�̇
= � 4� 4Y � 3XȦ

2
t
@�f1

2B2�̇2g
+

3XB
3
@�V

g�̇2B
+

3

2
X

2
. (2.31)

3Ẋ

�̇
= � 4 +

3XB
3
@�V

g�̇2B
+

3

2
X

2
. (2.32)

• We exclude Ȧt using (2.24) and get

3Ẋ

�̇
= � 4� 4Y � 3

2

�
@�f1H

2 � 2@�V
� XB

2

g�̇2
+

3

2
X

2
. (2.33)

• We get relation for �̇
2 and substitute it into (2.33). For this purpose we take

(2.21) and using (2.24) we write

4�̇2

9X2
+

4�̇2

9X2
Y +

H
2
f1B

2

6g
+

B
2
V

3g
� �̇

2

6
= 0. (2.34)

We rewrite (2.34) as

✓
1

6
� 4

9X2
� 4Y

9X2

◆
�̇
2 =

2V +H
2
f1

6g
B

2 (2.35)

and from (2.35) get combination g�̇
2
/B

2

g�̇
2

B2
=

2V +H
2
f1

1� 8
3X2 � 8Y

3X2

. (2.36)
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B̈

B
� 2Ḃ

2

B2
+

�̇
2

6
= 0, (2.17)

B̈

B
+

2Ḃ
2

B2
+

3Ḃġ

2B
+

B
2
V

3
= 0, (2.18)

�̈+ �̇

 
3Ḃ

B

!
� B

2
@�V = 0, (2.19)

where ˙ = @/@z, @� = @/@�.

From E.O.M. (2.14)-(2.13) we get the following relations

B̈

B
+

2Ḃ2

B2
+

ġḂ

gB
+

f1Ȧ
2
t

6gB2
+

B
2
V

3g
= 0. (2.20)

Substituting B̈ from (2.18) in (2.21) we get

4Ḃ2

B2
+

ġḂ

gB
+

f1Ȧ
2
t

6gB2
+

B
2
V

3g
� �̇

2

6
= 0. (2.21)

We define

X =
�̇

3

B

Ḃ
, (2.22)

Y =
1

4

ġ

g

B

Ḃ
, (2.23)

H =
Ȧt

B2
. (2.24)

From (2.23) and (2.24) follows

Ḃ =
�̇B

3X
, (2.25)

X

Y
=

4g�̇

3ġ
, (2.26)

ġ =
4g�̇Y

3X
. (2.27)

Calculating derivative of the RHS of (2.23) we find Ẋ:

Ẋ =
1

3

 
�̈

B

Ḃ
� �̇

B̈B

Ḃ2
+ �̇

!
. (2.28)
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Substituting �̈ and B̈ given by (2.17) and (2.19) into the RHS of (2.28) we get

Ẋ =
1

3

(
B

Ḃ

⇣
��̇

⌘ 
ġ

g
+

3Ḃ

B

!
� Ȧ

2
t
@�f1

2BḂg
+

B
3
@�V

gḂ
� �̇B

2

Ḃ2

 
2Ḃ2

B2
� �̇

2

6

!
+ �̇

)
.

(2.29)

Dividing (2.29) on �̇ gives the relation

3Ẋ

�̇
= � 4� Bġ

Ḃg
� Ȧ

2
t
@�f1

2B�̇Ḃg
+

B
3
@�V

g�̇Ḃ
+

3

2
X

2
. (2.30)

Now our goal is to exclude Ḃ, Ȧt and �̇ from the RHS of (2.30). We do this in 3

steps.

• We exclude Ḃ from (2.30) using relation (2.25)

3Ẋ

�̇
= � 4� 4Y � 3XȦ

2
t
@�f1

2B2�̇2g
+

3XB
3
@�V

g�̇2B
+

3

2
X

2
. (2.31)

3Ẋ

�̇
= � 4 +

3XB
3
@�V

g�̇2B
+

3

2
X

2
. (2.32)

• We exclude Ȧt using (2.24) and get

3Ẋ

�̇
= � 4� 4Y � 3

2

�
@�f1H

2 � 2@�V
� XB

2

g�̇2
+

3

2
X

2
. (2.33)

• We get relation for �̇
2 and substitute it into (2.33). For this purpose we take

(2.21) and using (2.24) we write

4�̇2

9X2
+

4�̇2

9X2
Y +

H
2
f1B

2

6g
+

B
2
V

3g
� �̇

2

6
= 0. (2.34)

We rewrite (2.34) as

✓
1

6
� 4

9X2
� 4Y

9X2

◆
�̇
2 =

2V +H
2
f1

6g
B

2 (2.35)

and from (2.35) get combination g�̇
2
/B

2

g�̇
2

B2
=

2V +H
2
f1

1� 8
3X2 � 8Y

3X2

. (2.36)

– 5 –

Substituting in the RHS of (2.33) the expression (2.36) we finally get

3Ẋ

�̇
= � 4 (1 + Y � 3

8
X

2)
⇣
1 +

1

X

2@�V �H
2
@�f1

2V +H2f1

⌘
. (2.37)

3Ẋ

�̇
= � 4 (1� 3

8
X

2)
⇣
1 +

1

X

2@�V

2V

⌘
. (2.38)

Let us now calculate dY/d�. For this purpose we calculate Ẏ

Ẏ =
1

4

 
g̈B

gḂ
+

ġ

g
� ġ

2
B

g2Ḃ
� ġB̈B

gḂ2

!
(2.39)

Dividing on �̇ we get

Ẏ

�̇
=

Y � 4Y 2

3X
+

g̈B

4gḂ�̇
� ġB̈B

4gḂ2�̇
(2.40)

Using (2.13) we get

g̈B

4gḂ�̇
=

f1Ȧ
2
t
B

4�̇gḂB2
� 3ġḂB

4�̇BgḂ
=

3H2
f1

4

X � 8
3X � 8Y

3X

2V + f1H
2

� Y

X
.

On the other hand,

ġB̈B

4gḂ2�̇
=

ġB

4gḂ

1

Ḃ�̇

 
2Ḃ2

B
� �̇

2
B

6

!
= Y

 
2Ḃ

�̇B
� �̇B

6Ḃ

!
=

2Y

3X
� XY

2
. (2.41)

Hence,

dY

d�
= � 4

3

Y

X
(1 + Y � 3

8
X

2)

✓
1 +

3H2
f1

2Y (2V + f1H
2)

◆
. (2.42)

Let us now calculate dH/d�, where H is given by (2.24), that is H = Ȧt/B
2

Ḣ =
Ät

B2
� 2ȦtḂ

B3
= � Ȧt�̇ @�f1

f1B
2

� 3
ȦtḂ

B3
= � H�̇ @�f1

f1
� 3

ȦtḂ

B3
=

= � H�̇ @�f1

f1
� H�̇

X
, (2.43)

dH

d�
= � H@�f1

f1
� H

X
= �

✓
1 +

@�f1

f1
X

◆
H

X
(2.44)
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Gravity	+	scalar	field

B̈

B
� 2Ḃ

2

B2
+

�̇
2

6
= 0, (2.17)

B̈

B
+

2Ḃ
2

B2
+

3Ḃġ

2B
+

B
2
V

3
= 0, (2.18)

�̈+ �̇

 
3Ḃ

B

!
� B

2
@�V = 0, (2.19)

where ˙ = @/@z, @� = @/@�.

From E.O.M. (2.14)-(2.13) we get the following relations

B̈

B
+

2Ḃ2

B2
+

ġḂ

gB
+

f1Ȧ
2
t

6gB2
+

B
2
V

3g
= 0. (2.20)

Substituting B̈ from (2.18) in (2.21) we get

4Ḃ2

B2
+

ġḂ

gB
+

f1Ȧ
2
t

6gB2
+

B
2
V

3g
� �̇

2

6
= 0. (2.21)

We define

X =
�̇

3

B

Ḃ
, (2.22)

Y =
1

4

ġ

g

B

Ḃ
, (2.23)

H =
Ȧt

B2
. (2.24)

From (2.23) and (2.24) follows

Ḃ =
�̇B

3X
, (2.25)

X

Y
=

4g�̇

3ġ
, (2.26)

ġ =
4g�̇Y

3X
. (2.27)

Calculating derivative of the RHS of (2.23) we find Ẋ:

Ẋ =
1

3

 
�̈

B

Ḃ
� �̇

B̈B

Ḃ2
+ �̇

!
. (2.28)

– 4 –



Substituting �̈ and B̈ given by (2.17) and (2.19) into the RHS of (2.28) we get

Ẋ =
1

3

(
B

Ḃ

⇣
��̇

⌘ 
ġ

g
+

3Ḃ

B

!
� Ȧ

2
t
@�f1

2BḂg
+

B
3
@�V

gḂ
� �̇B

2

Ḃ2

 
2Ḃ2

B2
� �̇

2

6

!
+ �̇

)
.

(2.29)

Dividing (2.29) on �̇ gives the relation

3Ẋ

�̇
= � 4� Bġ

Ḃg
� Ȧ

2
t
@�f1

2B�̇Ḃg
+

B
3
@�V

g�̇Ḃ
+

3

2
X

2
. (2.30)

Now our goal is to exclude Ḃ, Ȧt and �̇ from the RHS of (2.30). We do this in 3

steps.

• We exclude Ḃ from (2.30) using relation (2.25)

3Ẋ

�̇
= � 4� 4Y � 3XȦ

2
t
@�f1

2B2�̇2g
+

3XB
3
@�V

g�̇2B
+

3

2
X

2
. (2.31)

3Ẋ

�̇
= � 4 +

3XB
3
@�V

g�̇2B
+

3

2
X

2
. (2.32)

• We exclude Ȧt using (2.24) and get

3Ẋ

�̇
= � 4� 4Y � 3

2

�
@�f1H

2 � 2@�V
� XB

2

g�̇2
+

3

2
X

2
. (2.33)

• We get relation for �̇
2 and substitute it into (2.33). For this purpose we take

(2.21) and using (2.24) we write

4�̇2

9X2
+

4�̇2

9X2
Y +

H
2
f1B

2

6g
+

B
2
V

3g
� �̇

2

6
= 0. (2.34)

We rewrite (2.34) as

✓
1

6
� 4

9X2
� 4Y

9X2

◆
�̇
2 =

2V +H
2
f1

6g
B

2 (2.35)

and from (2.35) get combination g�̇
2
/B

2

g�̇
2

B2
=

2V +H
2
f1

1� 8
3X2 � 8Y

3X2

. (2.36)

– 5 –

Substituting in the RHS of (2.33) the expression (2.36) we finally get

3Ẋ

�̇
= � 4 (1 + Y � 3

8
X

2)
⇣
1 +

1

X

2@�V �H
2
@�f1

2V +H2f1

⌘
. (2.37)

3Ẋ

�̇
= � 4 (1� 3

8
X

2)
⇣
1 +

1

X

2@�V

2V

⌘
. (2.38)

Let us now calculate dY/d�. For this purpose we calculate Ẏ

Ẏ =
1

4

 
g̈B

gḂ
+

ġ

g
� ġ

2
B

g2Ḃ
� ġB̈B

gḂ2

!
(2.39)

Dividing on �̇ we get

Ẏ

�̇
=

Y � 4Y 2

3X
+

g̈B

4gḂ�̇
� ġB̈B

4gḂ2�̇
(2.40)

Using (2.13) we get

g̈B

4gḂ�̇
=

f1Ȧ
2
t
B

4�̇gḂB2
� 3ġḂB

4�̇BgḂ
=

3H2
f1

4

X � 8
3X � 8Y

3X

2V + f1H
2

� Y

X
.

On the other hand,

ġB̈B

4gḂ2�̇
=

ġB

4gḂ

1

Ḃ�̇

 
2Ḃ2

B
� �̇

2
B

6

!
= Y

 
2Ḃ

�̇B
� �̇B

6Ḃ

!
=

2Y

3X
� XY

2
. (2.41)

Hence,

dY

d�
= � 4

3

Y

X
(1 + Y � 3

8
X

2)

✓
1 +

3H2
f1

2Y (2V + f1H
2)

◆
. (2.42)

Let us now calculate dH/d�, where H is given by (2.24), that is H = Ȧt/B
2

Ḣ =
Ät

B2
� 2ȦtḂ

B3
= � Ȧt�̇ @�f1

f1B
2

� 3
ȦtḂ

B3
= � H�̇ @�f1

f1
� 3

ȦtḂ

B3
=

= � H�̇ @�f1

f1
� H�̇

X
, (2.43)

dH

d�
= � H@�f1

f1
� H

X
= �

✓
1 +

@�f1

f1
X

◆
H

X
(2.44)

– 6 –

Finally, we have the system of equation defining the RG-flow in the model with

chemical potential obtained in [10]:

dX

d�
= � 4

3

✓
1� 3

8
X

2 + Y

◆✓
1 +

1

X

2@�V �H
2
@�f1

2V +H2f1

◆
, (2.45)

dY

d�
= � 4Y

3X

✓
1� 3

8
X

2 + Y

◆✓
1 +

3

2Y

H
2
f1

2V +H2f1

◆
, (2.46)

dH

d�
= �

✓
1

X
+

@�f1

f1

◆
H. (2.47)

3 Examples

3.1 RGF without black holes and chemical potential

The RGF equation takes the form

dX

d�
= � 4

3

✓
1� 3

8
X

2

◆✓
1 +

1

X

@�V

V

◆
. (3.1)

3.1.1 Conformal case

For the case V = const we have

dX

d�
= � 4

3

✓
1� 3

8
X

2

◆
, (3.2)

Solutions this equation are

� = �0 +
1

2

r
3

2
log |1� 1

2

r
3

2
X|� 1

2

r
3

2
log |1 + 1

2

r
3

2
X| (3.3)

In particular, for |X| <
p
8/3

X(�) = �2

r
2

3
tanh

 r
2

3
(�+ �0)

!
(3.4)

The stream plot and particular trajectories are presented in Fig.1.A. Dashed lines

correspond to solutions (3.3). Lines X = ±
p
8/3 are attractors lines and at the line

X = 0 the flow change the direction. The direction of the flow shows the direction of

the increasing of the scale factor B and according the definition (2.22) for positive X

the direction of grow of � coincides with direction of grow of the factor B meanwhile

for negative X the direction of grow of � coincides with direction of decreasing of the

factor B.
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B̈

B
� 2Ḃ

2

B2
+

�̇
2

6
= 0, (2.17)

B̈

B
+

2Ḃ
2

B2
+

3Ḃġ

2B
+

B
2
V

3
= 0, (2.18)

�̈+ �̇

 
3Ḃ

B

!
� B

2
@�V = 0, (2.19)

where ˙ = @/@z, @� = @/@�.

From E.O.M. (2.14)-(2.13) we get the following relations

B̈

B
+

2Ḃ2

B2
+

ġḂ

gB
+

f1Ȧ
2
t

6gB2
+

B
2
V

3g
= 0. (2.20)

Substituting B̈ from (2.18) in (2.21) we get

4Ḃ2

B2
+

ġḂ

gB
+

f1Ȧ
2
t

6gB2
+

B
2
V

3g
� �̇

2

6
= 0. (2.21)

We define

X =
�̇

3

B

Ḃ
, (2.22)

Y =
1

4

ġ

g

B

Ḃ
, (2.23)

H =
Ȧt

B2
. (2.24)

From (2.23) and (2.24) follows

Ḃ =
�̇B

3X
, (2.25)

X

Y
=

4g�̇

3ġ
, (2.26)

ġ =
4g�̇Y

3X
. (2.27)

Calculating derivative of the RHS of (2.23) we find Ẋ:

Ẋ =
1

3

 
�̈

B

Ḃ
� �̇

B̈B

Ḃ2
+ �̇

!
. (2.28)

– 4 –



Substituting �̈ and B̈ given by (2.17) and (2.19) into the RHS of (2.28) we get

Ẋ =
1

3

(
B

Ḃ

⇣
��̇

⌘ 
ġ

g
+

3Ḃ

B

!
� Ȧ

2
t
@�f1

2BḂg
+

B
3
@�V

gḂ
� �̇B

2

Ḃ2

 
2Ḃ2

B2
� �̇

2

6

!
+ �̇

)
.

(2.29)

Dividing (2.29) on �̇ gives the relation

3Ẋ

�̇
= � 4� Bġ

Ḃg
� Ȧ

2
t
@�f1

2B�̇Ḃg
+

B
3
@�V

g�̇Ḃ
+

3

2
X

2
. (2.30)

Now our goal is to exclude Ḃ, Ȧt and �̇ from the RHS of (2.30). We do this in 3

steps.

• We exclude Ḃ from (2.30) using relation (2.25)

3Ẋ

�̇
= � 4� 4Y � 3XȦ

2
t
@�f1

2B2�̇2g
+

3XB
3
@�V

g�̇2B
+

3

2
X

2
. (2.31)

3Ẋ

�̇
= � 4 +

3XB
3
@�V

g�̇2B
+

3

2
X

2
. (2.32)

• We exclude Ȧt using (2.24) and get

3Ẋ

�̇
= � 4� 4Y � 3

2

�
@�f1H

2 � 2@�V
� XB

2

g�̇2
+

3

2
X

2
. (2.33)

• We get relation for �̇
2 and substitute it into (2.33). For this purpose we take

(2.21) and using (2.24) we write

4�̇2

9X2
+

4�̇2

9X2
Y +

H
2
f1B

2

6g
+

B
2
V

3g
� �̇

2

6
= 0. (2.34)

We rewrite (2.34) as

✓
1

6
� 4

9X2
� 4Y

9X2

◆
�̇
2 =

2V +H
2
f1

6g
B

2 (2.35)

and from (2.35) get combination g�̇
2
/B

2

g�̇
2

B2
=

2V +H
2
f1

1� 8
3X2 � 8Y

3X2

. (2.36)

– 5 –

Substituting in the RHS of (2.33) the expression (2.36) we finally get

3Ẋ

�̇
= � 4 (1 + Y � 3

8
X

2)
⇣
1 +

1

X

2@�V �H
2
@�f1

2V +H2f1

⌘
. (2.37)

3Ẋ

�̇
= � 4 (1� 3

8
X

2)
⇣
1 +

1

X

2@�V

2V

⌘
. (2.38)

Let us now calculate dY/d�. For this purpose we calculate Ẏ

Ẏ =
1

4

 
g̈B

gḂ
+

ġ

g
� ġ

2
B

g2Ḃ
� ġB̈B

gḂ2

!
(2.39)

Dividing on �̇ we get

Ẏ

�̇
=

Y � 4Y 2

3X
+

g̈B

4gḂ�̇
� ġB̈B

4gḂ2�̇
(2.40)

Using (2.13) we get

g̈B

4gḂ�̇
=

f1Ȧ
2
t
B

4�̇gḂB2
� 3ġḂB

4�̇BgḂ
=

3H2
f1

4

X � 8
3X � 8Y

3X

2V + f1H
2

� Y

X
.

On the other hand,

ġB̈B

4gḂ2�̇
=

ġB

4gḂ

1

Ḃ�̇

 
2Ḃ2

B
� �̇

2
B

6

!
= Y

 
2Ḃ

�̇B
� �̇B

6Ḃ

!
=

2Y

3X
� XY

2
. (2.41)

Hence,

dY

d�
= � 4

3

Y

X
(1 + Y � 3

8
X

2)

✓
1 +

3H2
f1

2Y (2V + f1H
2)

◆
. (2.42)

Let us now calculate dH/d�, where H is given by (2.24), that is H = Ȧt/B
2

Ḣ =
Ät

B2
� 2ȦtḂ

B3
= � Ȧt�̇ @�f1

f1B
2

� 3
ȦtḂ

B3
= � H�̇ @�f1

f1
� 3

ȦtḂ

B3
=

= � H�̇ @�f1

f1
� H�̇

X
, (2.43)

dH

d�
= � H@�f1

f1
� H

X
= �

✓
1 +

@�f1

f1
X

◆
H

X
(2.44)
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Finally, we have the system of equation defining the RG-flow in the model with

chemical potential obtained in [10]:

dX

d�
= � 4

3

✓
1� 3

8
X

2 + Y

◆✓
1 +

1

X

2@�V �H
2
@�f1

2V +H2f1

◆
, (2.45)

dY

d�
= � 4Y

3X

✓
1� 3

8
X

2 + Y

◆✓
1 +

3

2Y

H
2
f1

2V +H2f1

◆
, (2.46)

dH

d�
= �

✓
1

X
+

@�f1

f1

◆
H. (2.47)

3 Examples

3.1 RGF without black holes and chemical potential

The RGF equation takes the form

dX

d�
= � 4

3

✓
1� 3

8
X

2

◆✓
1 +

1

X

@�V

V

◆
. (3.1)

3.1.1 Conformal case

For the case V = const we have

dX

d�
= � 4

3

✓
1� 3

8
X

2

◆
, (3.2)

Solutions this equation are

� = �0 +
1

2

r
3

2
log |1� 1

2

r
3

2
X|� 1

2

r
3

2
log |1 + 1

2

r
3

2
X| (3.3)

In particular, for |X| <
p
8/3

X(�) = �2

r
2

3
tanh

 r
2

3
(�+ �0)

!
(3.4)

The stream plot and particular trajectories are presented in Fig.1.A. Dashed lines

correspond to solutions (3.3). Lines X = ±
p
8/3 are attractors lines and at the line

X = 0 the flow change the direction. The direction of the flow shows the direction of

the increasing of the scale factor B and according the definition (2.22) for positive X

the direction of grow of � coincides with direction of grow of the factor B meanwhile

for negative X the direction of grow of � coincides with direction of decreasing of the

factor B.
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Gravity	+	scalar	field

Details	see	next	page

B̈

B
� 2Ḃ

2

B2
+

�̇
2

6
= 0, (2.17)

B̈

B
+

2Ḃ
2

B2
+

3Ḃġ

2B
+

B
2
V

3
= 0, (2.18)

�̈+ �̇

 
3Ḃ

B

!
� B

2
@�V = 0, (2.19)

where ˙ = @/@z, @� = @/@�.

From E.O.M. (2.14)-(2.13) we get the following relations

B̈

B
+

2Ḃ2

B2
+

ġḂ

gB
+

f1Ȧ
2
t

6gB2
+

B
2
V

3g
= 0. (2.20)

Substituting B̈ from (2.18) in (2.21) we get

4Ḃ2

B2
+

ġḂ

gB
+

f1Ȧ
2
t

6gB2
+

B
2
V

3g
� �̇

2

6
= 0. (2.21)

We define

X =
�̇

3

B

Ḃ
, (2.22)

Y =
1

4

ġ

g

B

Ḃ
, (2.23)

H =
Ȧt

B2
. (2.24)

From (2.23) and (2.24) follows

Ḃ =
�̇B

3X
, (2.25)

X

Y
=

4g�̇

3ġ
, (2.26)

ġ =
4g�̇Y

3X
. (2.27)

Calculating derivative of the RHS of (2.23) we find Ẋ:

Ẋ =
1

3

 
�̈

B

Ḃ
� �̇

B̈B

Ḃ2
+ �̇

!
. (2.28)

– 4 –



Substituting �̈ and B̈ given by (2.17) and (2.19) into the RHS of (2.28) we get

Ẋ =
1

3

(
B

Ḃ

⇣
��̇

⌘ 
ġ

g
+

3Ḃ

B

!
� Ȧ

2
t
@�f1

2BḂg
+

B
3
@�V

gḂ
� �̇B

2

Ḃ2

 
2Ḃ2

B2
� �̇

2

6

!
+ �̇

)
.

(2.29)

Dividing (2.29) on �̇ gives the relation

3Ẋ

�̇
= � 4� Bġ

Ḃg
� Ȧ

2
t
@�f1

2B�̇Ḃg
+

B
3
@�V

g�̇Ḃ
+

3

2
X

2
. (2.30)

Now our goal is to exclude Ḃ, Ȧt and �̇ from the RHS of (2.30). We do this in 3

steps.

• We exclude Ḃ from (2.30) using relation (2.25)

3Ẋ

�̇
= � 4� 4Y � 3XȦ

2
t
@�f1

2B2�̇2g
+

3XB
3
@�V

g�̇2B
+

3

2
X

2
. (2.31)

3Ẋ

�̇
= � 4 +

3XB
3
@�V

g�̇2B
+

3

2
X

2
. (2.32)

• We exclude Ȧt using (2.24) and get

3Ẋ

�̇
= � 4� 4Y � 3

2

�
@�f1H

2 � 2@�V
� XB

2

g�̇2
+

3

2
X

2
. (2.33)

• We get relation for �̇
2 and substitute it into (2.33). For this purpose we take

(2.21) and using (2.24) we write

4�̇2

9X2
+

4�̇2

9X2
Y +

H
2
f1B

2

6g
+

B
2
V

3g
� �̇

2

6
= 0. (2.34)

We rewrite (2.34) as

✓
1

6
� 4

9X2
� 4Y

9X2

◆
�̇
2 =

2V +H
2
f1

6g
B

2 (2.35)

and from (2.35) get combination g�̇
2
/B

2

g�̇
2

B2
=

2V +H
2
f1

1� 8
3X2 � 8Y

3X2

. (2.36)

– 5 –

Substituting in the RHS of (2.33) the expression (2.36) we finally get

3Ẋ

�̇
= � 4 (1 + Y � 3

8
X

2)
⇣
1 +

1

X

2@�V �H
2
@�f1

2V +H2f1

⌘
. (2.37)

3Ẋ

�̇
= � 4 (1� 3

8
X

2)
⇣
1 +

1

X

2@�V

2V

⌘
. (2.38)

Let us now calculate dY/d�. For this purpose we calculate Ẏ

Ẏ =
1

4

 
g̈B

gḂ
+

ġ

g
� ġ

2
B

g2Ḃ
� ġB̈B

gḂ2

!
(2.39)

Dividing on �̇ we get

Ẏ

�̇
=

Y � 4Y 2

3X
+

g̈B

4gḂ�̇
� ġB̈B

4gḂ2�̇
(2.40)

Using (2.13) we get

g̈B

4gḂ�̇
=

f1Ȧ
2
t
B

4�̇gḂB2
� 3ġḂB

4�̇BgḂ
=

3H2
f1

4

X � 8
3X � 8Y

3X

2V + f1H
2

� Y

X
.

On the other hand,

ġB̈B

4gḂ2�̇
=

ġB

4gḂ

1

Ḃ�̇

 
2Ḃ2

B
� �̇

2
B

6

!
= Y

 
2Ḃ

�̇B
� �̇B

6Ḃ

!
=

2Y

3X
� XY

2
. (2.41)

Hence,

dY

d�
= � 4

3

Y

X
(1 + Y � 3

8
X

2)

✓
1 +

3H2
f1

2Y (2V + f1H
2)

◆
. (2.42)

Let us now calculate dH/d�, where H is given by (2.24), that is H = Ȧt/B
2

Ḣ =
Ät

B2
� 2ȦtḂ

B3
= � Ȧt�̇ @�f1

f1B
2

� 3
ȦtḂ

B3
= � H�̇ @�f1

f1
� 3

ȦtḂ

B3
=

= � H�̇ @�f1

f1
� H�̇

X
, (2.43)

dH

d�
= � H@�f1

f1
� H

X
= �

✓
1 +

@�f1

f1
X

◆
H

X
(2.44)

– 6 –

Finally, we have the system of equation defining the RG-flow in the model with

chemical potential obtained in [10]:

dX

d�
= � 4

3

✓
1� 3

8
X

2 + Y

◆✓
1 +

1

X

2@�V �H
2
@�f1

2V +H2f1

◆
, (2.45)

dY

d�
= � 4Y

3X

✓
1� 3

8
X

2 + Y

◆✓
1 +

3

2Y

H
2
f1

2V +H2f1

◆
, (2.46)

dH

d�
= �

✓
1

X
+

@�f1

f1

◆
H. (2.47)

3 Examples

3.1 RGF without black holes and chemical potential

The RGF equation takes the form

dX

d�
= � 4

3

✓
1� 3

8
X

2

◆✓
1 +

1

X

@�V

V

◆
. (3.1)

3.1.1 Conformal case

For the case V = const we have

dX

d�
= � 4

3

✓
1� 3

8
X

2

◆
, (3.2)

Solutions this equation are

� = �0 +
1

2

r
3

2
log |1� 1

2

r
3

2
X|� 1

2

r
3

2
log |1 + 1

2

r
3

2
X| (3.3)

In particular, for |X| <
p
8/3

X(�) = �2

r
2

3
tanh

 r
2

3
(�+ �0)

!
(3.4)

The stream plot and particular trajectories are presented in Fig.1.A. Dashed lines

correspond to solutions (3.3). Lines X = ±
p
8/3 are attractors lines and at the line

X = 0 the flow change the direction. The direction of the flow shows the direction of

the increasing of the scale factor B and according the definition (2.22) for positive X

the direction of grow of � coincides with direction of grow of the factor B meanwhile

for negative X the direction of grow of � coincides with direction of decreasing of the

factor B.

– 7 –

On the other hand,

ġB̈B

4gḂ2�̇
=

ġB

4gḂ

1

Ḃ�̇

 
2Ḃ2

B
� �̇

2
B

6

!
= Y

 
2Ḃ

�̇B
� �̇B

6Ḃ

!
=

2Y

3X
� XY

2
. (2.41)

Hence,

dY

d�
= � 4

3

Y

X
(1 + Y � 3

8
X

2)

✓
1 +

3H2
f1

2Y (2V + f1H
2)

◆
. (2.42)

Let us now calculate dH/d�, where H is given by (2.24), that is H = Ȧt/B
2

Ḣ =
Ät

B2
� 2ȦtḂ

B3
= � Ȧt�̇ @�f1

f1B
2

� 3
ȦtḂ

B3
= � H�̇ @�f1

f1
� 3

ȦtḂ

B3
=

= � H�̇ @�f1

f1
� H�̇

X
, (2.43)

dH

d�
= � H@�f1

f1
� H

X
= �

✓
1 +

@�f1

f1
X

◆
H

X
(2.44)

Finally, we have the system of equation defining the RG-flow in the model with

chemical potential obtained in [? ]:

dX

d�
= � 4

3

✓
1� 3

8
X

2 + Y

◆✓
1 +

1

X

2@�V �H
2
@�f1

2V +H2f1

◆
, (2.45)

dY

d�
= � 4Y

3X

✓
1� 3

8
X

2 + Y

◆✓
1 +

3

2Y

H
2
f1

2V +H2f1

◆
, (2.46)

dH

d�
= �

✓
1

X
+

@�f1

f1

◆
H. (2.47)

dX

d�
= � 4

3

✓
1� 3

8
X

2 + Y

◆✓
1 +

1

X

2@�V

2V

◆
(2.48)

3 Examples

3.1 RGF without black holes and chemical potential

The RGF equation takes the form

dX

d�
= � 4

3

✓
1� 3

8
X

2

◆✓
1 +

1

X

@�V

V

◆
. (3.1)

– 6 –

RGF	equation:	

Gravity	+	scalar	field

Details	see	next	page

B̈

B
� 2Ḃ

2

B2
+

�̇
2

6
= 0, (2.17)

B̈

B
+

2Ḃ
2

B2
+

3Ḃġ

2B
+

B
2
V

3
= 0, (2.18)

�̈+ �̇

 
3Ḃ

B

!
� B

2
@�V = 0, (2.19)

where ˙ = @/@z, @� = @/@�.

From E.O.M. (2.14)-(2.13) we get the following relations

B̈

B
+

2Ḃ2

B2
+

ġḂ

gB
+

f1Ȧ
2
t

6gB2
+

B
2
V

3g
= 0. (2.20)

Substituting B̈ from (2.18) in (2.21) we get

4Ḃ2

B2
+

ġḂ

gB
+

f1Ȧ
2
t

6gB2
+

B
2
V

3g
� �̇

2

6
= 0. (2.21)

We define

X =
�̇

3

B

Ḃ
, (2.22)

Y =
1

4

ġ

g

B

Ḃ
, (2.23)

H =
Ȧt

B2
. (2.24)

From (2.23) and (2.24) follows

Ḃ =
�̇B

3X
, (2.25)

X

Y
=

4g�̇

3ġ
, (2.26)

ġ =
4g�̇Y

3X
. (2.27)

Calculating derivative of the RHS of (2.23) we find Ẋ:

Ẋ =
1

3

 
�̈

B

Ḃ
� �̇

B̈B

Ḃ2
+ �̇

!
. (2.28)

– 4 –



Substituting �̈ and B̈ given by (2.17) and (2.19) into the RHS of (2.28) we get

Ẋ =
1

3

(
B

Ḃ

⇣
��̇

⌘ 
ġ

g
+

3Ḃ

B

!
� Ȧ

2
t
@�f1

2BḂg
+

B
3
@�V

gḂ
� �̇B

2

Ḃ2

 
2Ḃ2

B2
� �̇

2

6

!
+ �̇

)
.

(2.29)

Dividing (2.29) on �̇ gives the relation

3Ẋ

�̇
= � 4� Bġ

Ḃg
� Ȧ

2
t
@�f1

2B�̇Ḃg
+

B
3
@�V

g�̇Ḃ
+

3

2
X

2
. (2.30)

Now our goal is to exclude Ḃ, Ȧt and �̇ from the RHS of (2.30). We do this in 3

steps.

• We exclude Ḃ from (2.30) using relation (2.25)

3Ẋ

�̇
= � 4� 4Y � 3XȦ

2
t
@�f1

2B2�̇2g
+

3XB
3
@�V

g�̇2B
+

3

2
X

2
. (2.31)

3Ẋ

�̇
= � 4 +

3XB
3
@�V

g�̇2B
+

3

2
X

2
. (2.32)

• We exclude Ȧt using (2.24) and get

3Ẋ

�̇
= � 4� 4Y � 3

2

�
@�f1H

2 � 2@�V
� XB

2

g�̇2
+

3

2
X

2
. (2.33)

• We get relation for �̇
2 and substitute it into (2.33). For this purpose we take

(2.21) and using (2.24) we write

4�̇2

9X2
+

4�̇2

9X2
Y +

H
2
f1B

2

6g
+

B
2
V

3g
� �̇

2

6
= 0. (2.34)

We rewrite (2.34) as

✓
1

6
� 4

9X2
� 4Y

9X2

◆
�̇
2 =

2V +H
2
f1

6g
B

2 (2.35)

and from (2.35) get combination g�̇
2
/B

2

g�̇
2

B2
=

2V +H
2
f1

1� 8
3X2 � 8Y

3X2

. (2.36)

– 5 –

Substituting in the RHS of (2.33) the expression (2.36) we finally get

3Ẋ

�̇
= � 4 (1 + Y � 3

8
X

2)
⇣
1 +

1

X

2@�V �H
2
@�f1

2V +H2f1

⌘
. (2.37)

3Ẋ

�̇
= � 4 (1� 3

8
X

2)
⇣
1 +

1

X

2@�V

2V

⌘
. (2.38)

Let us now calculate dY/d�. For this purpose we calculate Ẏ

Ẏ =
1

4

 
g̈B

gḂ
+

ġ

g
� ġ

2
B

g2Ḃ
� ġB̈B

gḂ2

!
(2.39)

Dividing on �̇ we get

Ẏ

�̇
=

Y � 4Y 2

3X
+

g̈B

4gḂ�̇
� ġB̈B

4gḂ2�̇
(2.40)

Using (2.13) we get

g̈B

4gḂ�̇
=

f1Ȧ
2
t
B

4�̇gḂB2
� 3ġḂB

4�̇BgḂ
=

3H2
f1

4

X � 8
3X � 8Y

3X

2V + f1H
2

� Y

X
.

On the other hand,

ġB̈B

4gḂ2�̇
=

ġB

4gḂ

1

Ḃ�̇

 
2Ḃ2

B
� �̇

2
B

6

!
= Y

 
2Ḃ

�̇B
� �̇B

6Ḃ

!
=

2Y

3X
� XY

2
. (2.41)

Hence,

dY

d�
= � 4

3

Y

X
(1 + Y � 3

8
X

2)

✓
1 +

3H2
f1

2Y (2V + f1H
2)

◆
. (2.42)

Let us now calculate dH/d�, where H is given by (2.24), that is H = Ȧt/B
2

Ḣ =
Ät

B2
� 2ȦtḂ

B3
= � Ȧt�̇ @�f1

f1B
2

� 3
ȦtḂ

B3
= � H�̇ @�f1

f1
� 3

ȦtḂ

B3
=

= � H�̇ @�f1

f1
� H�̇

X
, (2.43)

dH

d�
= � H@�f1

f1
� H

X
= �

✓
1 +

@�f1

f1
X

◆
H

X
(2.44)

– 6 –

Finally, we have the system of equation defining the RG-flow in the model with

chemical potential obtained in [10]:

dX

d�
= � 4

3

✓
1� 3

8
X

2 + Y

◆✓
1 +

1

X

2@�V �H
2
@�f1

2V +H2f1

◆
, (2.45)

dY

d�
= � 4Y

3X

✓
1� 3

8
X

2 + Y

◆✓
1 +

3

2Y

H
2
f1

2V +H2f1

◆
, (2.46)

dH

d�
= �

✓
1

X
+

@�f1

f1

◆
H. (2.47)

3 Examples

3.1 RGF without black holes and chemical potential

The RGF equation takes the form

dX

d�
= � 4

3

✓
1� 3

8
X

2

◆✓
1 +

1

X

@�V

V

◆
. (3.1)

3.1.1 Conformal case

For the case V = const we have

dX

d�
= � 4

3

✓
1� 3

8
X

2

◆
, (3.2)

Solutions this equation are

� = �0 +
1

2

r
3

2
log |1� 1

2

r
3

2
X|� 1

2

r
3

2
log |1 + 1

2

r
3

2
X| (3.3)

In particular, for |X| <
p
8/3

X(�) = �2

r
2

3
tanh

 r
2

3
(�+ �0)

!
(3.4)

The stream plot and particular trajectories are presented in Fig.1.A. Dashed lines

correspond to solutions (3.3). Lines X = ±
p
8/3 are attractors lines and at the line

X = 0 the flow change the direction. The direction of the flow shows the direction of

the increasing of the scale factor B and according the definition (2.22) for positive X

the direction of grow of � coincides with direction of grow of the factor B meanwhile

for negative X the direction of grow of � coincides with direction of decreasing of the

factor B.

– 7 –

On the other hand,

ġB̈B

4gḂ2�̇
=

ġB

4gḂ

1

Ḃ�̇

 
2Ḃ2

B
� �̇

2
B

6

!
= Y

 
2Ḃ

�̇B
� �̇B

6Ḃ

!
=

2Y

3X
� XY

2
. (2.41)

Hence,

dY

d�
= � 4

3

Y

X
(1 + Y � 3

8
X

2)

✓
1 +

3H2
f1

2Y (2V + f1H
2)

◆
. (2.42)

Let us now calculate dH/d�, where H is given by (2.24), that is H = Ȧt/B
2

Ḣ =
Ät

B2
� 2ȦtḂ

B3
= � Ȧt�̇ @�f1

f1B
2

� 3
ȦtḂ

B3
= � H�̇ @�f1

f1
� 3

ȦtḂ

B3
=

= � H�̇ @�f1

f1
� H�̇

X
, (2.43)

dH

d�
= � H@�f1

f1
� H

X
= �

✓
1 +

@�f1

f1
X

◆
H

X
(2.44)

Finally, we have the system of equation defining the RG-flow in the model with

chemical potential obtained in [? ]:

dX

d�
= � 4

3

✓
1� 3

8
X

2 + Y

◆✓
1 +

1

X

2@�V �H
2
@�f1

2V +H2f1

◆
, (2.45)

dY

d�
= � 4Y

3X

✓
1� 3

8
X

2 + Y

◆✓
1 +

3

2Y

H
2
f1

2V +H2f1

◆
, (2.46)

dH

d�
= �

✓
1

X
+

@�f1

f1

◆
H. (2.47)

dX

d�
= � 4

3

✓
1� 3

8
X

2 + Y

◆✓
1 +

1

X

2@�V

2V

◆
(2.48)

3 Examples

3.1 RGF without black holes and chemical potential

The RGF equation takes the form

dX

d�
= � 4

3

✓
1� 3

8
X

2

◆✓
1 +

1

X

@�V

V

◆
. (3.1)

– 6 –

RGF	equation:	

Gravity	+	scalar	field

Details	see	next	page

B̈

B
� 2Ḃ

2

B2
+

�̇
2

6
= 0, (2.17)

B̈

B
+

2Ḃ
2

B2
+

3Ḃġ

2B
+

B
2
V

3
= 0, (2.18)

�̈+ �̇

 
3Ḃ

B

!
� B

2
@�V = 0, (2.19)

where ˙ = @/@z, @� = @/@�.

From E.O.M. (2.14)-(2.13) we get the following relations

B̈

B
+

2Ḃ2

B2
+

ġḂ

gB
+

f1Ȧ
2
t

6gB2
+

B
2
V

3g
= 0. (2.20)

Substituting B̈ from (2.18) in (2.21) we get

4Ḃ2

B2
+

ġḂ

gB
+

f1Ȧ
2
t

6gB2
+

B
2
V

3g
� �̇

2

6
= 0. (2.21)

We define

X =
�̇

3

B

Ḃ
, (2.22)

Y =
1

4

ġ

g

B

Ḃ
, (2.23)

H =
Ȧt

B2
. (2.24)

From (2.23) and (2.24) follows

Ḃ =
�̇B

3X
, (2.25)

X

Y
=

4g�̇

3ġ
, (2.26)

ġ =
4g�̇Y

3X
. (2.27)

Calculating derivative of the RHS of (2.23) we find Ẋ:

Ẋ =
1

3

 
�̈

B

Ḃ
� �̇

B̈B

Ḃ2
+ �̇

!
. (2.28)

– 4 –



Substituting �̈ and B̈ given by (2.17) and (2.19) into the RHS of (2.28) we get

Ẋ =
1

3

(
B

Ḃ

⇣
��̇

⌘ 
ġ

g
+

3Ḃ

B

!
� Ȧ

2
t
@�f1

2BḂg
+

B
3
@�V

gḂ
� �̇B

2

Ḃ2

 
2Ḃ2

B2
� �̇

2

6

!
+ �̇

)
.

(2.29)

Dividing (2.29) on �̇ gives the relation

3Ẋ

�̇
= � 4� Bġ

Ḃg
� Ȧ

2
t
@�f1

2B�̇Ḃg
+

B
3
@�V

g�̇Ḃ
+

3

2
X

2
. (2.30)

Now our goal is to exclude Ḃ, Ȧt and �̇ from the RHS of (2.30). We do this in 3

steps.

• We exclude Ḃ from (2.30) using relation (2.25)

3Ẋ

�̇
= � 4� 4Y � 3XȦ

2
t
@�f1

2B2�̇2g
+

3XB
3
@�V

g�̇2B
+

3

2
X

2
. (2.31)

3Ẋ

�̇
= � 4 +

3XB
3
@�V

g�̇2B
+

3

2
X

2
. (2.32)

• We exclude Ȧt using (2.24) and get

3Ẋ

�̇
= � 4� 4Y � 3

2

�
@�f1H

2 � 2@�V
� XB

2

g�̇2
+

3

2
X

2
. (2.33)

• We get relation for �̇
2 and substitute it into (2.33). For this purpose we take

(2.21) and using (2.24) we write

4�̇2

9X2
+

4�̇2

9X2
Y +

H
2
f1B

2

6g
+

B
2
V

3g
� �̇

2

6
= 0. (2.34)

We rewrite (2.34) as

✓
1

6
� 4

9X2
� 4Y

9X2

◆
�̇
2 =

2V +H
2
f1

6g
B

2 (2.35)

and from (2.35) get combination g�̇
2
/B

2

g�̇
2

B2
=

2V +H
2
f1

1� 8
3X2 � 8Y

3X2

. (2.36)

– 5 –

Substituting in the RHS of (2.33) the expression (2.36) we finally get

3Ẋ

�̇
= � 4 (1 + Y � 3

8
X

2)
⇣
1 +

1

X

2@�V �H
2
@�f1

2V +H2f1

⌘
. (2.37)

3Ẋ

�̇
= � 4 (1� 3

8
X

2)
⇣
1 +

1

X

2@�V

2V

⌘
. (2.38)

Let us now calculate dY/d�. For this purpose we calculate Ẏ

Ẏ =
1

4

 
g̈B

gḂ
+

ġ

g
� ġ

2
B

g2Ḃ
� ġB̈B

gḂ2

!
(2.39)

Dividing on �̇ we get

Ẏ

�̇
=

Y � 4Y 2

3X
+

g̈B

4gḂ�̇
� ġB̈B

4gḂ2�̇
(2.40)

Using (2.13) we get

g̈B

4gḂ�̇
=

f1Ȧ
2
t
B

4�̇gḂB2
� 3ġḂB

4�̇BgḂ
=

3H2
f1

4

X � 8
3X � 8Y

3X

2V + f1H
2

� Y

X
.

On the other hand,

ġB̈B

4gḂ2�̇
=

ġB

4gḂ

1

Ḃ�̇

 
2Ḃ2

B
� �̇

2
B

6

!
= Y

 
2Ḃ

�̇B
� �̇B

6Ḃ

!
=

2Y

3X
� XY

2
. (2.41)

Hence,

dY

d�
= � 4

3

Y

X
(1 + Y � 3

8
X

2)

✓
1 +

3H2
f1

2Y (2V + f1H
2)

◆
. (2.42)

Let us now calculate dH/d�, where H is given by (2.24), that is H = Ȧt/B
2

Ḣ =
Ät

B2
� 2ȦtḂ

B3
= � Ȧt�̇ @�f1

f1B
2

� 3
ȦtḂ

B3
= � H�̇ @�f1

f1
� 3

ȦtḂ

B3
=

= � H�̇ @�f1

f1
� H�̇

X
, (2.43)

dH

d�
= � H@�f1

f1
� H

X
= �

✓
1 +

@�f1

f1
X

◆
H

X
(2.44)

– 6 –

Finally, we have the system of equation defining the RG-flow in the model with

chemical potential obtained in [10]:

dX

d�
= � 4

3

✓
1� 3

8
X

2 + Y

◆✓
1 +

1

X

2@�V �H
2
@�f1

2V +H2f1

◆
, (2.45)

dY

d�
= � 4Y

3X

✓
1� 3

8
X

2 + Y

◆✓
1 +

3

2Y

H
2
f1

2V +H2f1

◆
, (2.46)

dH

d�
= �

✓
1

X
+

@�f1

f1

◆
H. (2.47)

3 Examples

3.1 RGF without black holes and chemical potential

The RGF equation takes the form

dX

d�
= � 4

3

✓
1� 3

8
X

2

◆✓
1 +

1

X

@�V

V

◆
. (3.1)

3.1.1 Conformal case

For the case V = const we have

dX

d�
= � 4

3

✓
1� 3

8
X

2

◆
, (3.2)

Solutions this equation are

� = �0 +
1

2

r
3

2
log |1� 1

2

r
3

2
X|� 1

2

r
3

2
log |1 + 1

2

r
3

2
X| (3.3)

In particular, for |X| <
p
8/3

X(�) = �2

r
2

3
tanh

 r
2

3
(�+ �0)

!
(3.4)

The stream plot and particular trajectories are presented in Fig.1.A. Dashed lines

correspond to solutions (3.3). Lines X = ±
p
8/3 are attractors lines and at the line

X = 0 the flow change the direction. The direction of the flow shows the direction of

the increasing of the scale factor B and according the definition (2.22) for positive X

the direction of grow of � coincides with direction of grow of the factor B meanwhile

for negative X the direction of grow of � coincides with direction of decreasing of the

factor B.

– 7 –

On the other hand,

ġB̈B

4gḂ2�̇
=

ġB

4gḂ

1

Ḃ�̇

 
2Ḃ2

B
� �̇

2
B

6

!
= Y

 
2Ḃ

�̇B
� �̇B

6Ḃ

!
=

2Y

3X
� XY

2
. (2.41)

Hence,

dY

d�
= � 4

3

Y

X
(1 + Y � 3

8
X

2)

✓
1 +

3H2
f1

2Y (2V + f1H
2)

◆
. (2.42)

Let us now calculate dH/d�, where H is given by (2.24), that is H = Ȧt/B
2

Ḣ =
Ät

B2
� 2ȦtḂ

B3
= � Ȧt�̇ @�f1

f1B
2

� 3
ȦtḂ

B3
= � H�̇ @�f1

f1
� 3

ȦtḂ

B3
=

= � H�̇ @�f1

f1
� H�̇

X
, (2.43)

dH

d�
= � H@�f1

f1
� H

X
= �

✓
1 +

@�f1

f1
X

◆
H

X
(2.44)

Finally, we have the system of equation defining the RG-flow in the model with

chemical potential obtained in [? ]:

dX

d�
= � 4

3

✓
1� 3

8
X

2 + Y

◆✓
1 +

1

X

2@�V �H
2
@�f1

2V +H2f1

◆
, (2.45)

dY

d�
= � 4Y

3X

✓
1� 3

8
X

2 + Y

◆✓
1 +

3

2Y

H
2
f1

2V +H2f1

◆
, (2.46)

dH

d�
= �

✓
1

X
+

@�f1

f1

◆
H. (2.47)

dX

d�
= � 4

3

✓
1� 3

8
X

2 + Y

◆✓
1 +

1

X

2@�V

2V

◆
(2.48)

3 Examples

3.1 RGF without black holes and chemical potential

The RGF equation takes the form

dX

d�
= � 4

3

✓
1� 3

8
X

2

◆✓
1 +

1

X

@�V

V

◆
. (3.1)

– 6 –

RGF	equation:	

Gravity	+	scalar	field

Details	see	next	page

B̈

B
� 2Ḃ

2

B2
+

�̇
2

6
= 0, (2.17)

B̈

B
+

2Ḃ
2

B2
+

3Ḃġ

2B
+

B
2
V

3
= 0, (2.18)

�̈+ �̇

 
3Ḃ

B

!
� B

2
@�V = 0, (2.19)

where ˙ = @/@z, @� = @/@�.

From E.O.M. (2.14)-(2.13) we get the following relations

B̈

B
+

2Ḃ2

B2
+

ġḂ

gB
+

f1Ȧ
2
t

6gB2
+

B
2
V

3g
= 0. (2.20)

Substituting B̈ from (2.18) in (2.21) we get

4Ḃ2

B2
+

ġḂ

gB
+

f1Ȧ
2
t

6gB2
+

B
2
V

3g
� �̇

2

6
= 0. (2.21)

We define

X =
�̇

3

B

Ḃ
, (2.22)

Y =
1

4

ġ

g

B

Ḃ
, (2.23)

H =
Ȧt

B2
. (2.24)

From (2.23) and (2.24) follows

Ḃ =
�̇B

3X
, (2.25)

X

Y
=

4g�̇

3ġ
, (2.26)

ġ =
4g�̇Y

3X
. (2.27)

Calculating derivative of the RHS of (2.23) we find Ẋ:

Ẋ =
1

3

 
�̈

B

Ḃ
� �̇

B̈B

Ḃ2
+ �̇

!
. (2.28)

– 4 –

5.3 Dilaton gravity in the domain wall coordinates

Here we discuss the simplest case à l’a [? ? ]

S =

Z
d
4
xdr

p
g

✓
�1

4
R +

1

2
@µ�@

µ
�� V (�)

◆
. (5.22)

Compare with (??) without F

S =

Z
d
5
x

16⇡G5

q
� det(gµ⌫)

"
R�

1

2
@µ�@

µ
�� V (�)

#
, (5.23)

We consider solutions of the equations of motion that have 4d Poincaré invariance

and that are of the form

ds
2 = e

2A(r)(⌘ijdx
i
dx

j)?�?dr2, �(x, r) ⌘ �(r). (5.24)

Substituting this form back into (??), and dividing out the volume of the 4d flat space,

one gets a simple 0 + 1 dimensional action for the quantities A(r),�(r),

S =

Z
dre

4A


3Ȧ2 � 1

2
�̇
2 � V

�
�
Z

dr
@

@r


[2] ! 3

2
Ȧe

4A

�
. (5.25)

the correction in red to guarantee that the bnd

e
4A6�ȦȦ =

d

dr

⇣
e
4A6�AȦ

⌘
� e

4A
�A (24Ȧ2 + 6Ä) (5.26)

=
d

dr
�

✓
e
4A3

2
AȦ

◆
� d

dr

 
e
4A3

2
A �Ȧ

=0
on the bnd

!
� e

4A
�A (24Ȧ2 + 6Ä) (5.27)

This action can be presented in the form given in [? ], eq.(16)

S =

Z
dre

4A


3(Ȧ+

1

3
W )2 � 1

2
(�̇� 1

2
W

0(�))2
�

�a

Z
dr

@

@r


e
4A(2Ȧ+

1

2
W )

�
. (5.28)

[in [? ] a = 1. I’ll check this.]

Here W is any solution of the equation

V =
1

8
W

0(�)2 � 1

3
W (�)2. (5.29)

– 15 –

Compare	with	the	method	of	super	potential:



Gravity	+	scalar	field.	Details,	1/2

Substituting �̈ and B̈ given by (2.17) and (2.19) into the RHS of (2.28) we get

Ẋ =
1

3

(
B

Ḃ

⇣
��̇

⌘ 
ġ

g
+

3Ḃ

B

!
� Ȧ

2
t
@�f1

2BḂg
+

B
3
@�V

gḂ
� �̇B

2

Ḃ2

 
2Ḃ2

B2
� �̇

2

6

!
+ �̇

)
.

(2.29)

Ẋ =
1

3

(
B

Ḃ

⇣
��̇

⌘ 
ġ

g
+

3Ḃ

B

!
+

B
3
@�V

gḂ
� �̇B

2

Ḃ2

 
2Ḃ2

B2
� �̇

2

6

!
+ �̇

)
. (⇤)

(2.30)

Dividing (2.29) on �̇ gives the relation

3Ẋ

�̇
= � 4� Bġ

Ḃg
� Ȧ

2
t
@�f1

2B�̇Ḃg
+

B
3
@�V

g�̇Ḃ
+

3

2
X

2
. (2.31)

Dividing on �̇ gives

3Ẋ

�̇
= � 4� Bġ

Ḃg
+

B
3
@�V

g�̇Ḃ
+

3

2
X

2
. (#) (2.32)

Now our goal is to exclude Ḃ, Ȧt and �̇ from the RHS of (2.32). We do this in 3 steps.

• We exclude Ḃ from (2.32) using relation (2.25)

3Ẋ

�̇
= � 4� 4Y � 3XȦ

2
t
@�f1

2B2�̇2g
+

3XB
3
@�V

g�̇2B
+

3

2
X

2
. (2.33)

• We exclude Ȧt using (2.24) and get

3Ẋ

�̇
= � 4� 4Y � 3

2

�
@�f1H

2 � 2@�V
� XB

2

g�̇2
+

3

2
X

2
. (2.34)

• We get relation for �̇
2 and substitute it into (2.34). For this purpose we take

(2.21) and using (2.24) we write

4�̇2

9X2
+

4�̇2

9X2
Y +

H
2
f1B

2

6g
+

B
2
V

3g
� �̇

2

6
= 0. (2.35)

We rewrite (2.39) as
✓
1

6
� 4

9X2
� 4Y

9X2

◆
�̇
2 =

2V +H
2
f1

6g
B

2 (2.36)

and from (2.40) get combination g�̇
2
/B

2

g�̇
2

B2
=

2V +H
2
f1

1� 8
3X2 � 8Y

3X2

. (2.37)

– 5 –



Gravity	+	scalar	field.	Details,	1/2

Substituting �̈ and B̈ given by (2.17) and (2.19) into the RHS of (2.28) we get

Ẋ =
1

3

(
B

Ḃ

⇣
��̇

⌘ 
ġ

g
+

3Ḃ

B

!
� Ȧ

2
t
@�f1

2BḂg
+

B
3
@�V

gḂ
� �̇B

2

Ḃ2

 
2Ḃ2

B2
� �̇

2

6

!
+ �̇

)
.

(2.29)

Ẋ =
1

3

(
B

Ḃ

⇣
��̇

⌘ 
ġ

g
+

3Ḃ

B

!
+

B
3
@�V

gḂ
� �̇B

2

Ḃ2

 
2Ḃ2

B2
� �̇

2

6

!
+ �̇

)
. (⇤)

(2.30)

Dividing (2.29) on �̇ gives the relation

3Ẋ

�̇
= � 4� Bġ

Ḃg
� Ȧ

2
t
@�f1

2B�̇Ḃg
+

B
3
@�V

g�̇Ḃ
+

3

2
X

2
. (2.31)

Dividing on �̇ gives

3Ẋ

�̇
= � 4� Bġ

Ḃg
+

B
3
@�V

g�̇Ḃ
+

3

2
X

2
. (#) (2.32)

Now our goal is to exclude Ḃ, Ȧt and �̇ from the RHS of (2.32). We do this in 3 steps.

• We exclude Ḃ from (2.32) using relation (2.25)

3Ẋ

�̇
= � 4� 4Y � 3XȦ

2
t
@�f1

2B2�̇2g
+

3XB
3
@�V

g�̇2B
+

3

2
X

2
. (2.33)

• We exclude Ȧt using (2.24) and get

3Ẋ

�̇
= � 4� 4Y � 3

2

�
@�f1H

2 � 2@�V
� XB

2

g�̇2
+

3

2
X

2
. (2.34)

• We get relation for �̇
2 and substitute it into (2.34). For this purpose we take

(2.21) and using (2.24) we write

4�̇2

9X2
+

4�̇2

9X2
Y +

H
2
f1B

2

6g
+

B
2
V

3g
� �̇

2

6
= 0. (2.35)

We rewrite (2.39) as
✓
1

6
� 4

9X2
� 4Y

9X2

◆
�̇
2 =

2V +H
2
f1

6g
B

2 (2.36)

and from (2.40) get combination g�̇
2
/B

2

g�̇
2

B2
=

2V +H
2
f1

1� 8
3X2 � 8Y

3X2

. (2.37)

– 5 –

Substituting �̈ and B̈ given by (2.17) and (2.19) into the RHS of (2.28) we get

Ẋ =
1

3

(
B

Ḃ

⇣
��̇

⌘ 
ġ

g
+

3Ḃ

B

!
� Ȧ

2
t
@�f1

2BḂg
+

B
3
@�V

gḂ
� �̇B

2

Ḃ2

 
2Ḃ2

B2
� �̇

2

6

!
+ �̇

)
.

(2.29)

Ẋ =
1

3

(
B

Ḃ

⇣
��̇

⌘ 
ġ

g
+

3Ḃ

B

!
+

B
3
@�V

gḂ
� �̇B

2

Ḃ2

 
2Ḃ2

B2
� �̇

2

6

!
+ �̇

)
. (⇤)

(2.30)

Dividing (2.29) on �̇ gives the relation

3Ẋ

�̇
= � 4� Bġ

Ḃg
� Ȧ

2
t
@�f1

2B�̇Ḃg
+

B
3
@�V

g�̇Ḃ
+

3

2
X

2
. (2.31)

Dividing on �̇ gives

3Ẋ

�̇
= � 4� Bġ

Ḃg
+

B
3
@�V

g�̇Ḃ
+

3

2
X

2
. (#) (2.32)

Now our goal is to exclude Ḃ, Ȧt and �̇ from the RHS of (2.32). We do this in 3 steps.

• We exclude Ḃ from (2.32) using relation (2.25)

3Ẋ

�̇
= � 4� 4Y � 3XȦ

2
t
@�f1

2B2�̇2g
+

3XB
3
@�V

g�̇2B
+

3

2
X

2
. (2.33)

• We exclude Ȧt using (2.24) and get

3Ẋ

�̇
= � 4� 4Y � 3

2

�
@�f1H

2 � 2@�V
� XB

2

g�̇2
+

3

2
X

2
. (2.34)

• We get relation for �̇
2 and substitute it into (2.34). For this purpose we take

(2.21) and using (2.24) we write

4�̇2

9X2
+

4�̇2

9X2
Y +

H
2
f1B

2

6g
+

B
2
V

3g
� �̇

2

6
= 0. (2.35)

We rewrite (2.39) as
✓
1

6
� 4

9X2
� 4Y

9X2

◆
�̇
2 =

2V +H
2
f1

6g
B

2 (2.36)

and from (2.40) get combination g�̇
2
/B

2

g�̇
2

B2
=

2V +H
2
f1

1� 8
3X2 � 8Y

3X2

. (2.37)

– 5 –



Gravity	+	scalar	field.	Details,	1/2

Substituting �̈ and B̈ given by (2.17) and (2.19) into the RHS of (2.28) we get

Ẋ =
1

3

(
B

Ḃ

⇣
��̇

⌘ 
ġ

g
+

3Ḃ

B

!
� Ȧ

2
t
@�f1

2BḂg
+

B
3
@�V

gḂ
� �̇B

2

Ḃ2

 
2Ḃ2

B2
� �̇

2

6

!
+ �̇

)
.

(2.29)

Ẋ =
1

3

(
B

Ḃ

⇣
��̇

⌘ 
ġ

g
+

3Ḃ

B

!
+

B
3
@�V

gḂ
� �̇B

2

Ḃ2

 
2Ḃ2

B2
� �̇

2

6

!
+ �̇

)
. (⇤)

(2.30)

Dividing (2.29) on �̇ gives the relation

3Ẋ

�̇
= � 4� Bġ

Ḃg
� Ȧ

2
t
@�f1

2B�̇Ḃg
+

B
3
@�V

g�̇Ḃ
+

3

2
X

2
. (2.31)

Dividing on �̇ gives

3Ẋ

�̇
= � 4� Bġ

Ḃg
+

B
3
@�V

g�̇Ḃ
+

3

2
X

2
. (#) (2.32)

Now our goal is to exclude Ḃ, Ȧt and �̇ from the RHS of (2.32). We do this in 3 steps.

• We exclude Ḃ from (2.32) using relation (2.25)

3Ẋ

�̇
= � 4� 4Y � 3XȦ

2
t
@�f1

2B2�̇2g
+

3XB
3
@�V

g�̇2B
+

3

2
X

2
. (2.33)

• We exclude Ȧt using (2.24) and get

3Ẋ

�̇
= � 4� 4Y � 3

2

�
@�f1H

2 � 2@�V
� XB

2

g�̇2
+

3

2
X

2
. (2.34)

• We get relation for �̇
2 and substitute it into (2.34). For this purpose we take

(2.21) and using (2.24) we write

4�̇2

9X2
+

4�̇2

9X2
Y +

H
2
f1B

2

6g
+

B
2
V

3g
� �̇

2

6
= 0. (2.35)

We rewrite (2.39) as
✓
1

6
� 4

9X2
� 4Y

9X2

◆
�̇
2 =

2V +H
2
f1

6g
B

2 (2.36)

and from (2.40) get combination g�̇
2
/B

2

g�̇
2

B2
=

2V +H
2
f1

1� 8
3X2 � 8Y

3X2

. (2.37)

– 5 –

Substituting �̈ and B̈ given by (2.17) and (2.19) into the RHS of (2.28) we get

Ẋ =
1

3

(
B

Ḃ

⇣
��̇

⌘ 
ġ

g
+

3Ḃ

B

!
� Ȧ

2
t
@�f1

2BḂg
+

B
3
@�V

gḂ
� �̇B

2

Ḃ2

 
2Ḃ2

B2
� �̇

2

6

!
+ �̇

)
.

(2.29)

Ẋ =
1

3

(
B

Ḃ

⇣
��̇

⌘ 
ġ

g
+

3Ḃ

B

!
+

B
3
@�V

gḂ
� �̇B

2

Ḃ2

 
2Ḃ2

B2
� �̇

2

6

!
+ �̇

)
. (⇤)

(2.30)

Dividing (2.29) on �̇ gives the relation

3Ẋ

�̇
= � 4� Bġ

Ḃg
� Ȧ

2
t
@�f1

2B�̇Ḃg
+

B
3
@�V

g�̇Ḃ
+

3

2
X

2
. (2.31)

Dividing on �̇ gives

3Ẋ

�̇
= � 4� Bġ

Ḃg
+

B
3
@�V

g�̇Ḃ
+

3

2
X

2
. (#) (2.32)

Now our goal is to exclude Ḃ, Ȧt and �̇ from the RHS of (2.32). We do this in 3 steps.

• We exclude Ḃ from (2.32) using relation (2.25)

3Ẋ

�̇
= � 4� 4Y � 3XȦ

2
t
@�f1

2B2�̇2g
+

3XB
3
@�V

g�̇2B
+

3

2
X

2
. (2.33)

• We exclude Ȧt using (2.24) and get

3Ẋ

�̇
= � 4� 4Y � 3

2

�
@�f1H

2 � 2@�V
� XB

2

g�̇2
+

3

2
X

2
. (2.34)

• We get relation for �̇
2 and substitute it into (2.34). For this purpose we take

(2.21) and using (2.24) we write

4�̇2

9X2
+

4�̇2

9X2
Y +

H
2
f1B

2

6g
+

B
2
V

3g
� �̇

2

6
= 0. (2.35)

We rewrite (2.39) as
✓
1

6
� 4

9X2
� 4Y

9X2

◆
�̇
2 =

2V +H
2
f1

6g
B

2 (2.36)

and from (2.40) get combination g�̇
2
/B

2

g�̇
2

B2
=

2V +H
2
f1

1� 8
3X2 � 8Y

3X2

. (2.37)
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Now our goal is to exclude Ḃ and �̇ from the RHS of (#). We do this in 3 steps.

• We exclude Ḃ from (#) using relation Ḃ = �̇B

3X

3Ẋ

�̇
= � 4 +

3XB
2
@�V

g�̇2
+

3

2
X

2
. (⇤⇤) (2.38)

• We get relation for �̇2 and substitute it into (**).

4�̇2

9X2
+

B
2
V

3g
� �̇

2

6
= 0. (⇤ ⇤ ⇤) (2.39)

We rewrite (***) as

✓
1

6
� 4

9X2

◆
�̇
2 =

2V

6g
B

2 (⇤ ⇤ ⇤⇤) (2.40)

and from (****) get combination g�̇
2
/B

2

g�̇
2

B2
=

2V

1� 8
3X2

. (⇤ ⇤ ⇤ ⇤ ⇤⇤) (2.41)

Substituting in the RHS of (**) the expression (******) we finally get

3Ẋ

�̇
= � 4 (1� 3

8
X

2)
⇣
1 +

1

X

2@�V

2V

⌘
. (2.42)

Let us now calculate dY/d�. For this purpose we calculate Ẏ

Ẏ =
1

4

 
g̈B

gḂ
+

ġ

g
� ġ

2
B

g2Ḃ
� ġB̈B

gḂ2

!
(2.43)

Dividing on �̇ we get

Ẏ

�̇
=

Y � 4Y 2

3X
+

g̈B

4gḂ�̇
� ġB̈B

4gḂ2�̇
(2.44)

Using (2.13) we get

g̈B

4gḂ�̇
=

f1Ȧ
2
t
B

4�̇gḂB2
� 3ġḂB

4�̇BgḂ
=

3H2
f1

4

X � 8
3X � 8Y

3X

2V + f1H
2

� Y

X
.

– 6 –



Gravity	+	scalar	field.	Details,	1/2

Substituting �̈ and B̈ given by (2.17) and (2.19) into the RHS of (2.28) we get

Ẋ =
1

3

(
B

Ḃ

⇣
��̇

⌘ 
ġ

g
+

3Ḃ

B

!
� Ȧ

2
t
@�f1

2BḂg
+

B
3
@�V

gḂ
� �̇B

2

Ḃ2

 
2Ḃ2

B2
� �̇

2

6

!
+ �̇

)
.

(2.29)

Ẋ =
1

3

(
B

Ḃ

⇣
��̇

⌘ 
ġ

g
+

3Ḃ

B

!
+

B
3
@�V

gḂ
� �̇B

2

Ḃ2

 
2Ḃ2

B2
� �̇

2

6

!
+ �̇

)
. (⇤)

(2.30)

Dividing (2.29) on �̇ gives the relation

3Ẋ

�̇
= � 4� Bġ

Ḃg
� Ȧ

2
t
@�f1

2B�̇Ḃg
+

B
3
@�V

g�̇Ḃ
+

3

2
X

2
. (2.31)

Dividing on �̇ gives

3Ẋ

�̇
= � 4� Bġ

Ḃg
+

B
3
@�V

g�̇Ḃ
+

3

2
X

2
. (#) (2.32)

Now our goal is to exclude Ḃ, Ȧt and �̇ from the RHS of (2.32). We do this in 3 steps.

• We exclude Ḃ from (2.32) using relation (2.25)

3Ẋ

�̇
= � 4� 4Y � 3XȦ

2
t
@�f1

2B2�̇2g
+

3XB
3
@�V

g�̇2B
+

3

2
X

2
. (2.33)

• We exclude Ȧt using (2.24) and get

3Ẋ

�̇
= � 4� 4Y � 3

2

�
@�f1H

2 � 2@�V
� XB

2

g�̇2
+

3

2
X

2
. (2.34)

• We get relation for �̇
2 and substitute it into (2.34). For this purpose we take

(2.21) and using (2.24) we write

4�̇2

9X2
+

4�̇2

9X2
Y +

H
2
f1B

2

6g
+

B
2
V

3g
� �̇

2

6
= 0. (2.35)

We rewrite (2.39) as
✓
1

6
� 4

9X2
� 4Y

9X2

◆
�̇
2 =

2V +H
2
f1

6g
B

2 (2.36)

and from (2.40) get combination g�̇
2
/B

2

g�̇
2

B2
=

2V +H
2
f1

1� 8
3X2 � 8Y

3X2

. (2.37)
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Substituting �̈ and B̈ given by (2.17) and (2.19) into the RHS of (2.28) we get

Ẋ =
1

3

(
B

Ḃ

⇣
��̇

⌘ 
ġ

g
+

3Ḃ

B

!
� Ȧ

2
t
@�f1

2BḂg
+

B
3
@�V

gḂ
� �̇B

2

Ḃ2

 
2Ḃ2

B2
� �̇

2

6

!
+ �̇

)
.

(2.29)

Ẋ =
1

3

(
B

Ḃ

⇣
��̇

⌘ 
ġ

g
+

3Ḃ

B

!
+

B
3
@�V

gḂ
� �̇B

2

Ḃ2

 
2Ḃ2

B2
� �̇

2

6

!
+ �̇

)
. (⇤)

(2.30)

Dividing (2.29) on �̇ gives the relation

3Ẋ

�̇
= � 4� Bġ

Ḃg
� Ȧ

2
t
@�f1

2B�̇Ḃg
+

B
3
@�V

g�̇Ḃ
+

3

2
X

2
. (2.31)

Dividing on �̇ gives

3Ẋ

�̇
= � 4� Bġ

Ḃg
+

B
3
@�V

g�̇Ḃ
+

3

2
X

2
. (#) (2.32)

Now our goal is to exclude Ḃ, Ȧt and �̇ from the RHS of (2.32). We do this in 3 steps.

• We exclude Ḃ from (2.32) using relation (2.25)

3Ẋ

�̇
= � 4� 4Y � 3XȦ

2
t
@�f1

2B2�̇2g
+

3XB
3
@�V

g�̇2B
+

3

2
X

2
. (2.33)

• We exclude Ȧt using (2.24) and get

3Ẋ

�̇
= � 4� 4Y � 3

2

�
@�f1H

2 � 2@�V
� XB

2

g�̇2
+

3

2
X

2
. (2.34)

• We get relation for �̇
2 and substitute it into (2.34). For this purpose we take

(2.21) and using (2.24) we write

4�̇2

9X2
+

4�̇2

9X2
Y +

H
2
f1B

2

6g
+

B
2
V

3g
� �̇

2

6
= 0. (2.35)

We rewrite (2.39) as
✓
1

6
� 4

9X2
� 4Y

9X2

◆
�̇
2 =

2V +H
2
f1

6g
B

2 (2.36)

and from (2.40) get combination g�̇
2
/B

2

g�̇
2

B2
=

2V +H
2
f1

1� 8
3X2 � 8Y

3X2

. (2.37)
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Now our goal is to exclude Ḃ and �̇ from the RHS of (#). We do this in 3 steps.

• We exclude Ḃ from (#) using relation Ḃ = �̇B

3X

3Ẋ

�̇
= � 4 +

3XB
2
@�V

g�̇2
+

3

2
X

2
. (⇤⇤) (2.38)

• We get relation for �̇2 and substitute it into (**).

4�̇2

9X2
+

B
2
V

3g
� �̇

2

6
= 0. (⇤ ⇤ ⇤) (2.39)

We rewrite (***) as

✓
1

6
� 4

9X2

◆
�̇
2 =

2V

6g
B

2 (⇤ ⇤ ⇤⇤) (2.40)

and from (****) get combination g�̇
2
/B

2

g�̇
2

B2
=

2V

1� 8
3X2

. (⇤ ⇤ ⇤ ⇤ ⇤⇤) (2.41)

Substituting in the RHS of (**) the expression (******) we finally get

3Ẋ

�̇
= � 4 (1� 3

8
X

2)
⇣
1 +

1

X

2@�V

2V

⌘
. (2.42)

Let us now calculate dY/d�. For this purpose we calculate Ẏ

Ẏ =
1

4

 
g̈B

gḂ
+

ġ

g
� ġ

2
B

g2Ḃ
� ġB̈B

gḂ2

!
(2.43)

Dividing on �̇ we get

Ẏ

�̇
=

Y � 4Y 2

3X
+

g̈B

4gḂ�̇
� ġB̈B

4gḂ2�̇
(2.44)

Using (2.13) we get

g̈B

4gḂ�̇
=

f1Ȧ
2
t
B

4�̇gḂB2
� 3ġḂB

4�̇BgḂ
=

3H2
f1

4

X � 8
3X � 8Y

3X

2V + f1H
2

� Y

X
.
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Step	1



Gravity	+	scalar	field.	Details,	1/2

Substituting �̈ and B̈ given by (2.17) and (2.19) into the RHS of (2.28) we get

Ẋ =
1

3

(
B

Ḃ

⇣
��̇

⌘ 
ġ

g
+

3Ḃ

B

!
� Ȧ

2
t
@�f1

2BḂg
+

B
3
@�V

gḂ
� �̇B

2

Ḃ2

 
2Ḃ2

B2
� �̇

2

6

!
+ �̇

)
.

(2.29)

Ẋ =
1

3

(
B

Ḃ

⇣
��̇

⌘ 
ġ

g
+

3Ḃ

B

!
+

B
3
@�V

gḂ
� �̇B

2

Ḃ2

 
2Ḃ2

B2
� �̇

2

6

!
+ �̇

)
. (⇤)

(2.30)

Dividing (2.29) on �̇ gives the relation

3Ẋ

�̇
= � 4� Bġ

Ḃg
� Ȧ

2
t
@�f1

2B�̇Ḃg
+

B
3
@�V

g�̇Ḃ
+

3

2
X

2
. (2.31)

Dividing on �̇ gives

3Ẋ

�̇
= � 4� Bġ

Ḃg
+

B
3
@�V

g�̇Ḃ
+

3

2
X

2
. (#) (2.32)

Now our goal is to exclude Ḃ, Ȧt and �̇ from the RHS of (2.32). We do this in 3 steps.

• We exclude Ḃ from (2.32) using relation (2.25)

3Ẋ

�̇
= � 4� 4Y � 3XȦ

2
t
@�f1

2B2�̇2g
+

3XB
3
@�V

g�̇2B
+

3

2
X

2
. (2.33)

• We exclude Ȧt using (2.24) and get

3Ẋ

�̇
= � 4� 4Y � 3

2

�
@�f1H

2 � 2@�V
� XB

2

g�̇2
+

3

2
X

2
. (2.34)

• We get relation for �̇
2 and substitute it into (2.34). For this purpose we take

(2.21) and using (2.24) we write

4�̇2

9X2
+

4�̇2

9X2
Y +

H
2
f1B

2

6g
+

B
2
V

3g
� �̇

2

6
= 0. (2.35)

We rewrite (2.39) as
✓
1

6
� 4

9X2
� 4Y

9X2

◆
�̇
2 =

2V +H
2
f1

6g
B

2 (2.36)

and from (2.40) get combination g�̇
2
/B

2

g�̇
2

B2
=

2V +H
2
f1

1� 8
3X2 � 8Y

3X2

. (2.37)
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Substituting �̈ and B̈ given by (2.17) and (2.19) into the RHS of (2.28) we get

Ẋ =
1

3

(
B

Ḃ

⇣
��̇

⌘ 
ġ

g
+

3Ḃ

B

!
� Ȧ

2
t
@�f1

2BḂg
+

B
3
@�V

gḂ
� �̇B

2

Ḃ2

 
2Ḃ2

B2
� �̇

2

6

!
+ �̇

)
.

(2.29)

Ẋ =
1

3

(
B

Ḃ

⇣
��̇

⌘ 
ġ

g
+

3Ḃ

B

!
+

B
3
@�V

gḂ
� �̇B

2

Ḃ2

 
2Ḃ2

B2
� �̇

2

6

!
+ �̇

)
. (⇤)

(2.30)

Dividing (2.29) on �̇ gives the relation

3Ẋ

�̇
= � 4� Bġ

Ḃg
� Ȧ

2
t
@�f1

2B�̇Ḃg
+

B
3
@�V

g�̇Ḃ
+

3

2
X

2
. (2.31)

Dividing on �̇ gives

3Ẋ

�̇
= � 4� Bġ

Ḃg
+

B
3
@�V

g�̇Ḃ
+

3

2
X

2
. (#) (2.32)

Now our goal is to exclude Ḃ, Ȧt and �̇ from the RHS of (2.32). We do this in 3 steps.

• We exclude Ḃ from (2.32) using relation (2.25)

3Ẋ

�̇
= � 4� 4Y � 3XȦ

2
t
@�f1

2B2�̇2g
+

3XB
3
@�V

g�̇2B
+

3

2
X

2
. (2.33)

• We exclude Ȧt using (2.24) and get

3Ẋ

�̇
= � 4� 4Y � 3

2

�
@�f1H

2 � 2@�V
� XB

2

g�̇2
+

3

2
X

2
. (2.34)

• We get relation for �̇
2 and substitute it into (2.34). For this purpose we take

(2.21) and using (2.24) we write

4�̇2

9X2
+

4�̇2

9X2
Y +

H
2
f1B

2

6g
+

B
2
V

3g
� �̇

2

6
= 0. (2.35)

We rewrite (2.39) as
✓
1

6
� 4

9X2
� 4Y

9X2

◆
�̇
2 =

2V +H
2
f1

6g
B

2 (2.36)

and from (2.40) get combination g�̇
2
/B

2

g�̇
2

B2
=

2V +H
2
f1

1� 8
3X2 � 8Y

3X2

. (2.37)
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Now our goal is to exclude Ḃ and �̇ from the RHS of (#). We do this in 3 steps.

• We exclude Ḃ from (#) using relation Ḃ = �̇B

3X

3Ẋ

�̇
= � 4 +

3XB
2
@�V

g�̇2
+

3

2
X

2
. (⇤⇤) (2.38)

• We get relation for �̇2 and substitute it into (**).

4�̇2

9X2
+

B
2
V

3g
� �̇

2

6
= 0. (⇤ ⇤ ⇤) (2.39)

We rewrite (***) as

✓
1

6
� 4

9X2

◆
�̇
2 =

2V

6g
B

2 (⇤ ⇤ ⇤⇤) (2.40)

and from (****) get combination g�̇
2
/B

2

g�̇
2

B2
=

2V

1� 8
3X2

. (⇤ ⇤ ⇤ ⇤ ⇤⇤) (2.41)

Substituting in the RHS of (**) the expression (******) we finally get

3Ẋ

�̇
= � 4 (1� 3

8
X

2)
⇣
1 +

1

X

2@�V

2V

⌘
. (2.42)

Let us now calculate dY/d�. For this purpose we calculate Ẏ

Ẏ =
1

4

 
g̈B

gḂ
+

ġ

g
� ġ

2
B

g2Ḃ
� ġB̈B

gḂ2

!
(2.43)

Dividing on �̇ we get

Ẏ

�̇
=

Y � 4Y 2

3X
+

g̈B

4gḂ�̇
� ġB̈B

4gḂ2�̇
(2.44)

Using (2.13) we get

g̈B

4gḂ�̇
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Now our goal is to exclude Ḃ and �̇ from the RHS of (#). We do this in 3 steps.

• We exclude Ḃ from (#) using relation Ḃ = �̇B
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2 (⇤ ⇤ ⇤⇤) (2.40)

and from (****) get combination g�̇
2
/B

2

g�̇
2

B2
=

2V

1� 8
3X2

. (⇤ ⇤ ⇤ ⇤ ⇤⇤) (2.41)
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⌘
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Now our goal is to exclude Ḃ and �̇ from the RHS of (#). We do this in 3 steps.

• We exclude Ḃ from (#) using relation Ḃ = �̇B
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gḂ2

!
(2.43)

Dividing on �̇ we get

Ẏ
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2
t
B

4�̇gḂB2
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Step	1

Now our goal is to exclude Ḃ and �̇ from the RHS of (#). We do this in 3 steps.
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Now our goal is to exclude Ḃ and �̇ from the RHS of (#). We do this in 3 steps.

• We exclude Ḃ from (#) using relation Ḃ = �̇B

3X

3Ẋ
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2
@�V
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3

2
X

2
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2
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Now our goal is to exclude Ḃ and �̇ from the RHS of (#). We do this in 3 steps.

• We exclude Ḃ from (#) using relation Ḃ = �̇B

3X

3Ẋ
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= � 4 +
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2
@�V

g�̇2
+

3

2
X

2
. (⇤⇤) (2.38)
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4�̇2

9X2
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2

6
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ġ

g
� ġ
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Step	1

Now our goal is to exclude Ḃ and �̇ from the RHS of (#). We do this in 3 steps.

• We exclude Ḃ from (#) using relation Ḃ = �̇B

3X

3Ẋ

�̇
= � 4 +

3XB
2
@�V

g�̇2
+

3

2
X

2
. (⇤⇤) (2.38)

• We get relation for �̇2 and substitute it into (**).

4�̇2

9X2
+

B
2
V

3g
� �̇

2

6
= 0. (⇤ ⇤ ⇤) (2.39)

We rewrite (***) as
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� 4
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6g
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2 (⇤ ⇤ ⇤⇤) (2.40)

and from (****) get combination g�̇
2
/B

2

g�̇
2

B2
=

2V

1� 8
3X2

. (⇤ ⇤ ⇤ ⇤ ⇤⇤) (2.41)

Substituting in the RHS of (**) the expression (******) we finally get
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� ġB̈B
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(2.44)
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=
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Step	2

Now our goal is to exclude Ḃ and �̇ from the RHS of (#). We do this in 3 steps.

• We exclude Ḃ from (#) using relation Ḃ = �̇B

3X

3Ẋ

�̇
= � 4 +

3XB
2
@�V

g�̇2
+

3

2
X

2
. (⇤⇤) (2.38)

• We get relation for �̇2 and substitute it into (**).

4�̇2

9X2
+

B
2
V

3g
� �̇

2

6
= 0. (⇤ ⇤ ⇤) (2.39)
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2 =

2V
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2
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1� 8
3X2
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Ẏ

�̇
=

Y � 4Y 2

3X
+

g̈B

4gḂ�̇
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Now our goal is to exclude Ḃ and �̇ from the RHS of (#). We do this in 3 steps.

• We exclude Ḃ from (#) using relation Ḃ = �̇B

3X

3Ẋ

�̇
= � 4 +

3XB
2
@�V

g�̇2
+

3

2
X

2
. (⇤⇤) (2.38)

• We get relation for �̇2 and substitute it into (**).

4�̇2

9X2
+

B
2
V

3g
� �̇

2

6
= 0. (⇤ ⇤ ⇤) (2.39)
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� 4
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6g
B

2 (⇤ ⇤ ⇤⇤) (2.40)

and from (****) get combination g�̇
2
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2

g�̇
2
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1� 8
3X2

. (⇤ ⇤ ⇤ ⇤ ⇤⇤) (2.41)
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� ġB̈B

4gḂ2�̇
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Step	3

Step	1

Now our goal is to exclude Ḃ and �̇ from the RHS of (#). We do this in 3 steps.

• We exclude Ḃ from (#) using relation Ḃ = �̇B

3X

3Ẋ

�̇
= � 4 +

3XB
2
@�V

g�̇2
+

3

2
X

2
. (⇤⇤) (2.38)

• We get relation for �̇2 and substitute it into (**).

4�̇2

9X2
+

B
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� �̇

2

6
= 0. (⇤ ⇤ ⇤) (2.39)
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2 (⇤ ⇤ ⇤⇤) (2.40)
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Step	2

Now our goal is to exclude Ḃ and �̇ from the RHS of (#). We do this in 3 steps.

• We exclude Ḃ from (#) using relation Ḃ = �̇B

3X

3Ẋ
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= � 4 +
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2
@�V

g�̇2
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3

2
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2
. (⇤⇤) (2.38)
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B
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2

6
= 0. (⇤ ⇤ ⇤) (2.39)
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Now our goal is to exclude Ḃ and �̇ from the RHS of (#). We do this in 3 steps.

• We exclude Ḃ from (#) using relation Ḃ = �̇B
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3Ẋ

�̇
= � 4 (1� 3

8
X

2)
⇣
1 +

1

X

2@�V

2V

⌘
. (2.42)

Let us now calculate dY/d�. For this purpose we calculate Ẏ
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Now our goal is to exclude Ḃ and �̇ from the RHS of (#). We do this in 3 steps.

• We exclude Ḃ from (#) using relation Ḃ = �̇B
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� ġB̈B
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� ġB̈B

4gḂ2�̇
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3.1.1 Conformal case

For the case V = const we have
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In particular, for |X| <
p
8/3

X(�) = �2
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tanh
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(3.4)

The stream plot and particular trajectories are presented in Fig.??.A. Dashed lines

correspond to solutions (??). Lines X = ±
p
8/3 are attractors lines and at the line

X = 0 the flow change the direction. The direction of the flow shows the direction of

the increasing of the scale factor B and according the definition (2.22) for positive X

the direction of grow of � coincides with direction of grow of the factor B meanwhile

for negative X the direction of grow of � coincides with direction of decreasing of the

factor B.

3.1.2 Dilaton gravity with one exponential potential

In Fig.??.B)-D) we show di↵erent forms of the RG flow for simplest potentials: B)

V (�) = exp(c�), C) V (�) = exp(c�) + V0, V0 > 0 and D) V (�) = exp(c�) + V0, V0 < 0.

The arrows show the direction of increasing scale factor B, that corresponds to the flow

from UV to IR. We see that all arrows in Fig.??.A and Fig.??.C change direction at

the line X = 0. Arrows in Fig.??.D change directions at the dashed line corresponding

to d�/dX = 0. We see two attractor lines X = ±
p
8/3 at all plots and one repulsive

line X = �1 at Fig.??.B. At Fig.??.B the flow does not change diraction at the line

X = 0 since here the derivative d�/dX = 0 and along the stream d� changes the sign

at X = 0.

For the case of exponential potential Fig.??.B, the so-called, Chamblin Reall model

[? ], the first order equation (??) can be explicitly integrated,

dX

d�
= �4

3

✓
1� 3

8
X

2

◆⇣
1 +

c

X

⌘
. (3.5)
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EOM as an autonomous system
Holographic RG flows and dynamical system Autonomous system for holographic RG flows at T = 0

The domain wall ansatz

ds
2 = e

2A(w)(�dt
2 + d~x

2) + dw
2
, � = �(w)

Introduce new variables

X =
1

3

�̇

Ȧ
, Z =

1

e
2(16�9k2)

9k � + 1
,

V = C1

✓
1� Z

Z

◆ 9k2

16�9k2

+ C2

✓
1� Z

Z

◆ 16
16�9k2

.

Then zeros of the potential are Z = C2
C2�C1

.

The autonomous system IA, AG, GP, MS’20

dZ

dA
=

2(9k2 � 16)

3k
(1� Z)ZX,

dX

dA
= (X2

� 1)

0

@4X +
16C2 + Z(C19k2 � 16C2)

3k
⇣
C2 + Z(C1 � C2)
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A .
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Figure: Phase portrait for the system at T = 0 with k = 0.8, the direction of arrows is
show with respect to increasing A
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Holographic RG flows and dynamical system Autonomous system for holographic RG flows at T = 0

To classify stability of equilibrium points we do the linear perturbation �Z and �X

around each from the found critical points (Zc, Xc) in order

Z = Zc + �Z, X = Xc + �X.

Substituting into the system of equaitons we get

d

dA

✓
�Z

�X

◆
= M

✓
�Z

�X

◆
,

where

M =

✓
@f

@Z

@f

@X
@g

@Z

@g

@X

◆ �����
Z=Zc,X=Xc

is the perturbation matrix. The elements of Jacobian matrix M are

m11 =
2(9k2 � 16)

3k
(1� 2Zc)Xc, m12 =

2(9k2 � 16)

3k
(1� Zc)Zc,

m21 =
C1C2(Xc

2
� 1)(9k2 � 16)

3k(C2 + Zc(C1 � C2))2
,

m22 = 4(3Xc
2
� 1) + 2Xc

2

416C2 + Zc(C19k2 � 16C2)

3k
⇣
C2 + Zc(C1 � C2)

⌘

3

5 .
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Holographic RG flows and dynamical system Fixed points at T = 0

1. X = 0, Z = 16C2
16C2�9k2C1

. V = const. The eigenvalues �1 = 4, �2 = �8, a
saddle. The scalar field and the metric

�P1 =
9k

2(16� 9k2)
ln

✓
�
9k2

16

C1

C2

◆
,

C1

C2
< 0,

ds
2 = e

2C(w�w0)
�
�dt

2 + d~x
2
�
+ dw

2
,

where w0 is a constant of integration, C = ±

q
�C1(16�9k2)

192

⇣
�

9k2

16
C1
C2

⌘ 9k2

2(16�9k2)
.

2. X = 1, Z = 1. V ! 0. The eigenvalues �1,2 = 2
3k (4 + 3k)(2± |2� 3k|). An

unstable node. The scalar field and the metric

�(w) =
3
4
ln

����
w � w0

w2

���� ! �1 for w ! w0,

ds2 =

����
w � w0

w1

����
1/2 �

�dt2 + d~x2�+ dw2.

3. X = �1, Z = 1. V ! 0, �1 = 2(4� 3k) > 0,�2 = 2
3k (9k

2
� 16) < 0 – a

saddle.

�(w) = �3
4
ln

����
w
w2

���� ! �1 for w ! +1, ds2 =

����
w
w1

����
1/2 �

�dt2 + d~x2�+ dw2,

where w1, w2 are constants.
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Holographic RG flows and dynamical system Fixed points at T = 0

4. X = �
3k
4 , Z = 1,V ! 0. A stable node: �1 = 1

4 (9k
2
� 16),�2 = 1

2 (9k
2
� 16)

�(w) = � 1
k
ln

����
w
w2

���� ! �1 for w ! +1, ds2 =

����
w
w1

����

8
9k2 �

�dt2 + d~x2�+ dw2,

5. X = �
4
3k , Z = 0. �1 = 8

9k2 (16� 9k2),�2 = 4
9k2 (16� 9k2). An unstable

node. V ! +1.

� = �9k
16

ln

����
w � w0

w2

���� ! +1 for w ! w0, ds2 =

����
w � w0

w1

����

9k2

32 �
�dt2 + d~x2�+ dw2

where w0, w1 and w2 are some constants of integration.
6. X = 1, Z = 0, V ! +1. �1 = 8

3k (3k + 4) > 0, �2 = 2
3k (9k

2 � 16) < 0, a saddle.
The asymptotic form of the metric and the scalar field

� =
3
4
ln

����
w
w2

���� ! +1 for w ! +1, ds2 =

����
w
w1

����

1
2

(�dt2 + d~x2) + dw2.

where w1 and w2 are some constants of integration.
7. X = �1, Z = 0. �1 = 2

3k (16� 9k2) > 0,�2 = 8
3k (3k � 4) < 0, a saddle.

V (�) ! +1.

� = �3
4
ln

����
w � w0

w2

���� ! +1 for w ! w0, ds2 =

����
w � w0

w1

����

1
2

(�dt2 + d~x2) + dw2.
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Types	of	fixed	points

Holographic RG flows and dynamical system Fixed points at T = 0

Types of fixed points

P1 P2 P3 P4 P5 P6 P7
V = const V ! 0 V ! 0 V ! 0 V ! 1 ⇥ ⇥

ustable stable unstable ustable stable ⇥ ⇥

UV IR UV UV IR ⇥ ⇥

(We take into account that A should have the opposite direction)
Examples of flows:

P1(AdS -UV)-P2(hyperscaling vioation in IR)

P4 (hypersc. v. in UV)- P2 (hypersc. v. in IR), bouncing solution AGP’18

P4 (hypersc. v. in UV)- P5 (hypersc. v. in IR) confining solution
(AG,Ngyuen Vu’1906.12316)
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Black holes in terms of w-coordinates 



Black holes in terms of w-coordinates 

Thermal holographic RG flows Autonomous equations at finite T

Black holes in terms of dw coordinates

ds
2 = e

2A(w)(�f(w)dt2 + d~x
2) +

dw
2

f(w)
,

and the dilaton is
� = e

�(w)
.

The function f is a so-called blackening function. It is convenient to introduce a
new variable

g = ln f.

The equations of motion with respect to w-variable are

12Ȧ2 + 3Ȧġ �
4

3
�̇
2 + e

�g
V = 0,

Ä+
4

9
�̇
2 = 0,

ġ +
g̈

ġ
+ 4Ȧ = 0,

�̈+ 4Ȧ�̇+ ġ�̇�
3

8
e
�g

dV

d�
= 0.
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�̈+ 4Ȧ�̇+ ġ�̇�
3

8
e
�g

dV

d�
= 0.

23 / 35

Thermal holographic RG flows Autonomous equations at finite T

Black holes in terms of dw coordinates

ds
2 = e

2A(w)(�f(w)dt2 + d~x
2) +

dw
2

f(w)
,

and the dilaton is
� = e

�(w)
.

The function f is a so-called blackening function. It is convenient to introduce a
new variable

g = ln f.

The equations of motion with respect to w-variable are
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Holographic	Isotropic	zero									RG	Flow

Einstein-Dilaton	E.O.M.	are	equivalent		to	HRG	eqs:	

Zero	chemical	potential Non-zero	temperature	

Gursoy,	Kiritsis,	Mazzanti,		
Nitti,	arXiv:0812.0792	
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New variables

X =
1

3

�̇

Ȧ(w)
, Y =

1

4

ġ

Ȧ

and also

Z =
1

e
2(16�9k2)

9k � + 1
, V = C1

✓
1� Z

Z

◆ 9k2

16�9k2

+ C2

✓
1� Z

Z

◆ 16
16�9k2

.

Taking derivatives with respect to A from X, Y , Z we obtain

dZ

dA
=

2(9k2 � 16)

3k
(1� Z)ZX,

dX

dA
= (X2

� 1� Y )
16C2 + Z(9k2C1 � 16C2) + 12kX(Z(C1 � C2) + C2)

3k((C1 � C2)Z + C2)
,

dY

dA
= 4Y (X2

� 1� Y ).
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Thermal holographic RG flows Fixed points and Bifurcations

Figure: 3D phase portrait for the system at T with k = 0.8, the direction of arrows
show the increasing energy scale (A)
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Tc
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T1
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X

Y

Figure: Phase portrait for the thermal system with k = 0.8, projection to X � Y -plane
with Z = 1
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Fixed points at finite T

1. X 2 (�1; +1), Y = X
2
� 1, Z = 1. � ! �1, V ! 0. The eigenvalues

�1 =
2
3k

(16� 9k2)X, �2 = 0, �3 = 4(X2 +
3k
2
X + 1).

Since 0 < k < 4/3 �1 < 0 X < 0 and �1 > 0 for X > 0, �3 is always positive for
X 2 (�1,1). For negative X we have a saddle while for positive this fixed
point is unstable node (a saddle-node bifurcation). For X < 0 the �-function is
negative while for X > 0 it is positive.

dX

dA
= (X2

� 1� Y )(3k + 4X),

2. X 2 (�1; +1), Y = X
2
� 1, Z = 0.

�1 =
2
3k

(9k2 � 16)X,�2 = 0,�3 = 4

✓
X +

p
16� 9k2 + 4

3k

◆✓
X �

p
16� 9k2 � 4

3k

◆
.

�1 > 0 with X < 0, �1 < 0 with X > 0, �3 < 0 for X 2
✓
�
p

16�9k2+4
3k ;

p
16�9k2�4

3k

◆
,

while for X 2
✓
�1,�

p
16�9k2+4

3k

◆
[
✓p

16�9k2�4
3k ,+1

◆
�3 > 0. Choosing k and X

we can get a) both unstable and stable nodes, b) saddle fixed points. 26 / 35
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Conclusure

• HRG eqs are derived for non-zero chemical 
potential and anisotropic Background

• HRGF for 2 exp potential are studied
• The holographic running coupling can mimic QCD 

behaviour at zero T
• Confinement/deconfinement phase transition for the 

deformed  2 exp potential potentia
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