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- Holographic picture for deviation from conformality

* Holographic RGF for simple models

« Exact HRGF for two exp potential

- HRGF for chemical potential H # 0
 HRGF for anizotropic models
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Holographic picture for deviation from conformality
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e d-dim CFT has a description in terms of d 4+ 1-dim gravity in AdS"
S = [dx?du/—g(R— ).

e An operator O(x) corresponds to a dynamical bulk field ¢(z, u)
e ¢(x,0) — a source for the O in the CFT

S = /dazddu\/—_g {R - %(8@25)2 — V()| .



Holographic picture for deviation from conformality

uv 2.V(0)
4
:
¢ 0 2 Sy, ¢
§ R A R T S i R AR vt

$ N AdS (UV)

;

e d-dim CFT has a description in terms of d 4+ 1-dim gravity in AdS"
S = [dx?du/—g(R— ).

e An operator O(x) corresponds to a dynamical bulk field ¢(z, u)
e ¢(x,0) — a source for the O in the CFT

5= [arttuy=g|R- 5007 - V(o).
o d(z,u) =ou 2+ ... & S=Scpr+ [d'zaO(z)

e o = 0 — undeformed CFT, bulk scalar — const., spacetime is AdS
e o # 0 corresponds to relevant coupling for the CFT; deform. AdS
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Holographic Renormalization Group

The domain wall solution (d-dimensional Poincaré invariant)

ds? = 2 W detde? + du®, ¢ = o(u)

@ AdS isometry group < Poincaré isometry group of DW

@ the conformal symmetry at UV and/or IR fixed points

@ e¢”* — measures the field theory energy scale

o ¢?(*) identifies with the running coupling along the flow

@ The (-function
dA\  d¢

b= dlog B/ T dA
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Gravity + scalar field
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Gravity + scalar field

1 7
/ T V-~ det(g,) [R ~ 5 0u00"6 — V (9)

ds® = B*(z) |—dt* + dz® + dy; + dy; + d2°] , » = P(2)
EOM: Const.
.o .2 . - i
B  2B" 3By A BV _ B 2B 2
; 3B |
¢+¢<B> B* 0,V =0, where " = 0/0z, 0y = 0/0¢
XZ?E - L(3B_gBB ) |3X__, KBV 3
3 B 6 9*B 2
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Gravity + scalar field X = ?
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Gravity + scalar field X = i —
3 B
g . 3X B0,V L3 e
¢ g¢*B 2

Details see next page

dX 3X 3 1 20,V
a6 - 4 SO0 5

dX 4 3 1 0,V
RGF equation: = 2122 Xx? 1 e
do 3 ( 8 ) ( X )

Compare with the method of super potential: V = EW’(qb)Q — %W((bf
8
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. 1B/ ~N([g 3B\ B9V ¢B*[2B> ¢\ .
X3{B(_¢)<g+3>+ 9B B (BQUI_6>+¢}' (*)

Dividing on gb gives

Now our goal is to exclude B and ¢ from the RHS of (#). We do this in 3 steps.

Step 1

o We exclude B from (#) using relation B=¢B

3X

3X 3XB29,V 3
4 + ¢ 1= X2 ()

¢ g¢? 2
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Step 1 o We exclude B from (#) using relation B— §_§
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Step 1 o We exclude B from (#) using relation B= §—§
X X B?
Qb g¢2 2

Step 2
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Step 1 e We exclude B from (#) using relation B = §—§
X XB?
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Gravity + scalar field. Details, 2/2

Step 1 e We exclude B from (#) using relation B = §—§
X XB?
3—.:—4—|—M+§X2. ()
¢ 90” 2
Step 2 e We get relation for ¢? and substitute it into (*).

447 LBV ¢
9X2 = 3g 6

0. ( % %)

>|<>|<>|<)

We rewrite ( as

1 4 o 2V
(6@) :@B (% * k)

and from (****) get combination g¢? /B>

g(b2 2V

> = T (5 % s k)
Step 3 Substituting in the RHS of (**) the expression (******) we finally get
3X 3 1 20,V
.Y PP o)
p 1= N+ x %



Gravity + scalar field. Simple examples



Gravity + scalar field. Simple examples

Conformal case. V=const



Gravity + scalar field. Simple examples

Conformal case. V=const

d_X:_é 1—§X2
do 3



Gravity + scalar field. Simple examples

Conformal case. V=const

d_X:_é 1—§X2
do 3

for | X| < +/8/3



Gravity + scalar field. Simple examples

Conformal case. V=const

d_X:_é 1—§X2
do 3

for | X| < +/8/3 X(¢) = —2\/§tanh (\/g(¢+¢o)>



Gravity + scalar field. Simple examples

Conformal case. V=const

dX 4 3
=2 (1-2Xx?
o)

for | X| < +/8/3 X () = —2\/§tanh (\/g(¢+¢o)>

Dilaton gravity with one exponential potential

Chamblin Reall model V' (¢) = exp(co) + V/,

c=1

¢:¢O+é[(2\/6—3)1og)2\/6—3)(]+61og\X+1|—(3+2\/6)1og(3x+2\/6]]



Stream—plots for vectors field
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A) AdS, i.e. V(¢) = const, B) V(¢) = exp(co), C) V(gb) = exp(cop) + Vo, Vo > 0
D) V(6) = exp(cg) + Vo . Vo < 0
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3_

W

VAGP( ) 0162]“0 —+ CQ

IA, A.Golubtsova,
G.Policastro,
1803.06764

Generalization of Chamblin&Reall model,
hep/th. 9903225
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Two exponent potential
IA, A.Golubtsova,

s G.Policastro,
V = 0162k¢ + 0269_k¢ (1 <0,02 >0 1803.06764




Two exponent potential

IA, A.Golubtsova,
s G.Policastro,

V = (C1%"? + Chedx® | ¢ < 0,05 >0 1803.06764

— k=0.4
— k=0.8
k=1.2

““““““““““““““““

Exact solutions for the metric and the dilaton (zero tempertature)

Ok* 18K 2

s> F9k2 16F2(16 9k2) (—dt2 + dij 2) _|_F9k:2 16F16 k2 7,2

9k 9k

_ log F
=~ —16 8 T gz 1

log F5
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) 3E 16
L sinh(p Ju — wou ) p = \/\70@ -3

4
= sinh(g—k,u lu — upzl).

Y




Two exponent potential

sinh(p |u — up1]) \/‘

sinh(g—k,u lu — upzl).

4 16

— — Cl u—u01) FQ \/3(9? — 1)02|U-U02

o
Il
Om (\) N\
SIS

E, up1, ugo are constants of integration



Two exponent potential

Ci| . 3k 16
o I[N = 2—1 smh(,u\u—uoﬂ),,u:\/‘7(1@—6) :
C 4
Fy, = 2—2 sinh(g—k,u|u—u02|).
3 16 4 16
(] Fl = \/Z(kQ—g)Cl(u—um),FQ— \/5(9?—1)02|U—UO2
E = 0

E, up1, ugo are constants of integration

e types of RG flows: 1) on u € (ug2,uo1), 2) u € (up1, +00).
@ boundaries of the backgrounds correspond to fixed points.
@ up; = uge = special RG flow : u € (ug, +00) AdS UV fixed point
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Figure: The behaviour of the X-function with the dependence on the dilaton
plotted using the solutions for A. A)left B) middle C)right D) uo1 = wo2
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sinh —solutions
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IA, A.Golubtsova, A. G Policastro,

The domain wall ansatz M Skugoreva, Work in progress
ds? = 2 W) (—dt? + d7?) + dw?, ¢ = d(w)

Introduce new variables

1 ¢ 1
X = _£7 Z = 2(16—9k2) ?
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EOM as an autonomous system

IA, A.Golubtsova, A. G Policastro,

The domain wall ansatz M Skugoreva, Work in progress
ds? = 2 W) (—dt? + d7?) + dw?, ¢ = d(w)

Introduce new variables

1 ¢ 1
X = _g’ Z = 2(16—9k2) ?
3 A e o P41
| 7 9k2 | 7 16
_ 16—9k?2 — 16 —9k?2
V=C— Co| —— .

Then zeros of the potential are Z = Cchcl.

dZ  2(9k* — 16)
dA 3k

G _
dA ~

(1-2)ZX,

16Cy + Z(C19k* — 16C5)
3k (02 + Z(Cy — 02))

(X% —1) | 4X +



Autonomous system for holographic RG flows at T =0

A, AG, GP, MS'20

vvvvvvvvvvvvvvvvvvvvvvvvv

kx \\\ AN \

1.0

; =7
0.5r \ ]

—0.5 r —
a N NN N

- ~— S~ _/V/'
0L PT gt T b et
[ _—— e — e
L / / A
-1.5} 7
b .4 e
0.0 0.2 0.4 0.6 0.8 1.0

F1GURE: Phase portrait for the system at 7' = 0 with £ = 0.8, the direction of arrows
show with respect to increasing A
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Autonomous system for holographic RG flows at T =0

To classify stability of equilibrium points we do the linear perturbation 0Z and 0.X
around each from the found critical points (Z., X.) in order

Z=27,4+67, X=X,+3X.

Substituting into the system of equaitons we get
d (67 07
dA (5X) =M (5)() !

of 9f
m=(% %)

0Z 0X

where

Z=Z. X=X,
is the perturbation matrix. The elements of Jacobian matrix M are

2(9l-<:2 — 16) 2(9k2 — 16)

mi1 3k ( QZC)XC7 mi2 3k ( ZC)ZC
C1Co (X2 —1)(9k% — 16)

ma1 =

3k(Co + Z.(C1 — C3))?

16Cy + ZC<019]€2 — 1602)
3k (02 Vv Z.(Ch — 02))

mae = 4(3X.2 — 1) + 2X,.
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1. X =0, Z7 = 160219(32201. V' = const. The eigenvalues A1 =4, Ay = —8, a
saddle. The scalar field and the metric
9k 9k2 C4 C1
= n{———1|, — <0,
28 2(16 — 9k2) n( 16 (12) Cs
ds* = X (—di? + d7?) + dw?,
9k2

C1(16—9k2) ([ 9k2 C; | 2(16—9k2)
192 16 Co

where wy is a constant of integration, C = i\/
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1. X =0, Z = 160.219(32201. V' = const. The eigenvalues A1 =4, Ay = —8, a
saddle. The scalar field and the metric
9k 9k? C C1
= n{———1|, — <0,
28 2(16 — 9k2) n( 16 (12) Cs
ds* = X (—di? + d7?) + dw?,
2 2 9k2 2
where wy is a constant of integration, C = i\/—01(11§2—9k: ) (—%g—;) 210795

2. X =1,Z=1.V—0. The eigenvalues \; » = = (4 + 3k)(2 £ |2 — 3k|). An
unstable node. The scalar field and the metric

3 _
p(w) = I | LT 5 oo for w — wo,
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w — wo |2
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Backup

1. X =0, Z = 160.219(32201. V' = const. The eigenvalues A1 =4, Ay = —8, a
saddle. The scalar field and the metric
9k 9k? C C1
= n{———1|, — <0,
28 2(16 — 9k2) n( 16 (12) Cs
ds* = X (—di? + d7?) + dw?,
2 2 9k2 2
where wy is a constant of integration, C = i\/—01(11§2—9k: ) (—%g—;) 210795

2. X =1,Z=1.V—0. The eigenvalues \; » = = (4 + 3k)(2 £ |2 — 3k|). An
unstable node. The scalar field and the metric

p(w) = §1nw—wo — —oco  for w — wo,
4 w2
w — we |12
ds> = ‘ 21 (—dt? 4 dE) + dw®.
w1

3. X=-1,2Z=1V—=0,A=2(4-3k)>0,X = 2(%?—16) <0-a
saddle.
1/2

5 (—dt® + dz?) + dw®,

o(w) = ~1 In — —oo for w— 400, ds® =

w2

w1

where w1, ws are constants.




Backup

4. X = —3E 7 =1V — 0. A stable node: \; = 1(9%? — 16), Ao = 1(9k? — 16)

_8_
w | 9k2
— —o0 for w — 400, ds®=|—

w1

w

w2

(=dt® + dz*) + dw?,

¢(w) = —7In

5. X =—5-, Z=0. A\ = 525(16 — 9k?), Ay = 555 (16 — 9%2). An unstable

node. V — +o0.

9k2

32

- (—dt? + dz?) + duw’

w — Wo

9k
1
16

where wg, wy and wy are some constants of integration.
6. X=1,2=0,V > 4o0. A1 =Bk+4) >0, A= =(9%°—16) <0, asaddle.
The asymptotic form of the metric and the scalar field

Qb:—

n

(10D w1

— +o00 for w — wo, d82:|

1
w 2

w1

w

w2

— 400 for w — 400, ds® = (—dt® + di*) + dw”.

gbz%ln

where w; and wy are some constants of integration.
7. X=-1,Z=0. A1 = 2(16 — 9k°) > 0, \2 = = (3k — 4) < 0, a saddle.
V(p) — +oc.

3

¢:—Zln

1

(—dt® + di®) + dw”.

— 400 for w — wo, d32:'

w2 w1



Backup

Types of fixed points

P, P Py Py Ps Ps | P7
V=const | V>0V —=0 V-0 |V —>00 | X X
ustable stable unstable | ustable | stable X X
uv IR uv uv IR X X

(We take into account that A should have the opposite direction)
Examples of flows:

o P(AdS -UV)-P;(hyperscaling vioation in IR)
e P, (hypersc. v. in UV)- P, (hypersc. v. in IR), bouncing solution AGP'18

o P, (hypersc. v. in UV)- P5 (hypersc. v. in IR) confining solution
(AG,Ngyuen Vu'1906.12316)
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Black holes in terms of w-coordinates
dw?

_ p2A(w)(_ 7
ds? = e* W) (— f(w)dt* + di?) + )’

and the dilaton is
A =e?W),

The function f is a so-called blackening function. It is convenient to introduce a
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Black holes in terms of w-coordinates
dw?

_ p2A(w)(_ 7
ds? = >\ W) (— f(w)dt* + di?) + )’

and the dilaton is
A =e?W),

The function f is a so-called blackening function. It is convenient to introduce a

new variable
g=1Inf.

The equations of motion with respect to w-variable are

: . 4 .
12A2+3Ag—§¢2+e—gv = 0,
. 4.
A+ -9 = 0
+9<b :
. g L
g
. ... 3 _dv
¢+ 4Ap+ gp — —e 99— = 0.

8 do
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Holographic Isotropic zero [/ RG Flow

Zero chemical potential Hl — () Non-zero temperature Y 7é 0

Einstein-Dilaton E.O.M. are equivalent to HRG eqs:

dX _ 4 0 3V
dy 4 0 Y
@~ 3y

Gursoy, Kiritsis, Mazzanti,
Nitti, arXiv:0812.0792
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Autonomous equations at finite T

NEW VARIABLES

1 ¢ 1¢
3 A(w) 4 A
and also
7 1 v_c (=2 T o (1=Z To—or?
_62(16—k9k2)¢+17 — 1(7) + 2(7)

Taking derivatives with respect to A from X, Y, Z we obtain

dz
dA
dX

dA

dY

dA

_ 2(9k° — 16)(1 e

3k

—(X2_1-Y) 16Cy + Z(9k*C1 — 16Cs) + 12k X (Z(Cy — Co) + Cy)

3]6((01 — CQ)Z -+ 02)

=4Y(X*-1-Y).
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Fixed points

FIGURE: 3D phase portrait for the system at 1" with k = 0.8, the direction of arrows
show the increasing energy scale (A)
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Fixed points

2

of =\ [P
- == st / U~

2 = 1\ \ \\§\\\\\ .

-5 0

FIGURE: Phase portrait for the thermal system with £ = 0.8, projection to X — Y-plane
with Z =1



Backup

FIXED POINTS AT FINITE T

l. X € (~o0;4+), Y =X?~-1,Z=1. ¢ = —00, V — 0. The eigenvalues

A = 3%(16 —9k7)X, A=0, A3=4(X"+ %X +1).

Since 0 <k <4/3 A1 <0X <0and A >0 for X >0, A3 is always positive for
X € (—o00,00). For negative X we have a saddle while for positive this fixed
point is unstable node (a saddle-node bifurcation). For X < 0 the §-function is
negative while for X > 0 it is positive.

X
CZZ—A = (X?-1-Y)(3k +4X),

2. X €(—o0;+x), Y =X?—-1, Z=0.

_ 2 _ 2
)\1:3%(9k:2—16)X,>\2:0,>\3:4(X+ v16 32’“ +4) (X— V16 ngk 4).

3k 3k

while for X € (—oo, —%W) U (—”16_321{72_4,%—00) A3z > 0. Choosing k and X

At >0 with X <0, Ay <0 with X >0, A3 < 0 for X € (— 16—Ok744. ¥ 16‘9’“2‘4),

we can get a) both unstable and stable nodes, b) saddle fixed points.



HRGF for non-zero chemical potential
and anisotropic metric
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Einstein-dilaton-two-Maxwell

S = / A det
= | Tong, V ~detl9m)

f1(9)
4

‘ 1
F(21) B f2§l¢) F(22) . 5 Mbaﬂqb _ V(gb)

R —




5-dim Background

Einstein-dilaton-two-Maxwell

g © dPx ot
_/ 167G —ae (gp,u)

f1(9)
4

, 1
Fiy ~ Lo Fio) = 5 0u$0"6 = V(9)

4
dw?
g(w)

R —

ds” = B2(w)( — g(w)dt” + d:c2) + R(w)dyj? +



5-dim Background

Einstein-dilaton-two-Maxwell

5= / 167rGr G

1
R— flé(;b) F(21) _ @ F(22) -3 Mqﬁ@“cb —V

dw?

2 _ BZ o dtQ d 2 R — 2
ds (w)( g(w)dt® + dx ) + R(w) e
LA, K.Rannu,

JHEP’18 arXiv:1802.05652,
I.A,K.Rannu,P.Slepov,

JHEP’21, arXiv:2011.07023,

I.A,K.Rannu,P.Slepov,
JHEP’21, arXiv:2009.05562



5-dim Background

Einstein-dilaton-two-Maxwell

5= / 167rGr G

R_ f1(9) F(21) _ M F(22) _ % PO —V

4 4
ds? = Bz(w)( — g(w)dt* + dx2) + R(w)dy? du”
g(w)
LA, K.Rannu,

JHEP’18 arXiv:1802.05652,
I.A,K.Rannu,P.Slepov,
JHEP’21, arXiv:2011.07023,
I.A,K.Rannu,P.Slepov,
JHEP’21, arXiv:2009.05562
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5-dim Background

Einstein-dilaton-two-Maxwell

f1(9) f2()
5= /167TG guo) | B = 14 F(Ql) a QTF(Q) =5 0u00"0 = V(9)
d 2
ds® = Bz(w)( — g(w)dt* + da:'2> + R(w)dy? g(l:u)
LA, K.Rannu,

JHEP’18 arXiv:1802.05652,
I.A,K.Rannu,P.Slepov,
JHEP’21, arXiv:2011.07023,
I.A,K.Rannu,P.Slepov,
JHEP’21, arXiv:2009.05562

Coupling constant )\ —

- dA de?
dlogE dlogB

Energy scale E ~ B
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Holographic Anizotropic RenormGroup Flow

N -
Non-zero Aniz.: H, - () Non-zero Hy #0 i Y #0

_ _ temperature
chemical potential

Einstein-Dilaton-two-Maxwell E.O.M. are equivalent to AnizRenormGroup egs:

dX _ _gﬁ (1+ 2V’ — fI1H? —2f2H22X+f§H22)

do 9 X (2V + fLH? + f,H2)

v _ Y 3f1H? — Af, H2Y

dp 99X 2Y (f1H} + f2H3 +2V)

iz _ _(1-22) . LAz foH?2

do 9X 1—27Z 2V + f1H? + foH3)
dH A7 4+ 1

dh __ (4 + - H,y

d¢ J1 3X

dH, VA 9X?2

— " H,, ﬁzl—T+8YZ+2Y+4ZQ+SZ



Holographic Anizotropic RenormGroup Flow

Non-zero
Non-zero Aniz.: H, - () Non-zero Hy #0 temperature Y #0

chemical potential

Einstein-Dilaton-two-Maxwell E.O.M. are equivalent to AnizRenormGroup egs:

ax 2 2V’ — fiH} - 2f2H22X+féH22) d
6~ 9" (H X (2V + f1H? + f,HZ) B =e? e
vy _ 2Y 3f1H? — Afy HEY dlog B
dp 99X ( Ty (fLHT + foH3 +2V))

dZ__(l—ZZ)ﬁ<1+4Z+1 fo 12 ) v _ B(A\)

do 9X 1—2Z (2V + fL1H? + f,H?)

dH; fi n 47 +1 I 3)\
dp  \fi  3X !
dH>- 47 9X?

— " H,, ﬁzl—T+8YZ+2Y+4ZQ+SZ



Holographic Anizotropic RenormGroup Flow

N -
Non-zero Aniz.: H, - () Non-zero Hy #0 i Y #0

_ _ temperature
chemical potential

Einstein-Dilaton-two-Maxwell E.O.M. are equivalent to AnizRenormGroup egs:

YA & 2 ! 172
aXx :—gﬁ (1_|_ 2V — f[iHj 2f22H2X ‘|‘2f2H2) ¢ d¢
do 9 X 2V + fiH{ + f2HY) 5 — C
g__gzﬁ<1+ 3L H? — Afy H2Y ) dlog B
i~ 9X 2Y (fH? + f2Hj +2V) A\
d_Z__(1—2Z)ﬁ 1+42+1 foH?3 b6 5( )
do 9X 1—27Z 2V + f1H? + foH3) — \
dHl__ f{+4Z+1 H 3
do — \fi 3x )
dHo A7 9X?2 )
¢z _ 22 —1-2 1 8YZ+2Y +4Z Z
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Holographic Anizotropic RenormGroup Flow

N -
Non-zero Aniz.: H, - () Non-zero Hy #0 i Y #0

_ _ temperature
chemical potential

Einstein-Dilaton-two-Maxwell E.O.M. are equivalent to AnizRenormGroup egs:

ax _ 2 2V' — f{H} — 2f2H3X + [3H3 dob
R(1+ . E 4
d¢ 9 X (2V + f1H? + fH3) B=e
ay 2V . (1 . 3AHH—4fHHFY ) dlog B
dp 99X OV (fLH? + [oH2 +2V) \
iz _ (1-22) [, 4Z+1 fo H2 ¥ 5( )
g X 1—2Z (2V + fiH} + f2H3) = T3y
dH4 (f{+4Z+1>H 3
ady 1
dﬁ 4Zfl o 02 l.A.,K.Rannu
= 2
— oy =1—=— 2V + 47 7
i~ 3x iz RElm sy Zaol dznas

. P q /
x=1%p y_198 g _ 4 pgy== ,_BE
B R ARB'
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Conclusure

HRG eqs are derived for non-zero chemical
potential and anisotropic Background

HRGF for 2 exp potential are studied

The holographic running coupling can mimic QCD
behaviour at zero T

Confinement/deconfinement phase transition for the
deformed 2 exp potential potentia
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